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ABSTRACT 18 

Theoretical formulas for the parcel helicity (dilatation times the scalar product of storm-19 

relative wind and vorticity) and abnormality (helicity divided by speed squared) of fluid 20 

parcels were developed previously.  In this paper, these quantities are computed in an 21 

analytical model of flow around and underneath a sphere.  The model assumes a primary 22 

potential flow and deduces the secondary vorticity that develops when environmental vertical 23 

shear and stratification are included as secondary effects.  The only source of error is the 24 

assumption that the streamlines are those of the primary flow.  Because the secondary 25 

velocity is neglected, the general solution for helicity is a linear combination of three basic 26 

solutions.  The first and second solutions are for the cases of neutral stratification with 27 

environmental vorticity that is either purely streamwise or purely crosswise.  The third 28 

solution is for the case of environmental stratification without environmental vorticity. 29 

Although the ultimate goal is to understand tornadogenesis and improve tornado forecasts 30 

and warnings, the analytical model has little relevance to tornadoes.  The aim herein is to 31 

illustrate the generation and amplification of parcel helicity and abnormality in fluid flows.  32 

Plots of model results illustrate how curved flow turns environmental and baroclinically 33 

generated transverse vorticity streamwise to generate parcel helicity, and how the flow 34 

amplifies existing and baroclinically generated helicity through streamwise stretching of 35 

streamwise vorticity. 36 

 37 

SIGNIFICANCE STATEMENT 38 

The helicity of a parcel (scalar product of its vorticity and storm-relative wind) increases 39 

by two orders of magnitude during its passage from the environment to a tornado. An 40 

analytical model is used to illustrate how helicity is generated and amplified in fluid flows.  41 

Although the helicity gains in the model are modest, the model serves its purpose in 42 

explaining the basic physics of helicity amplification.  Ensuing improved understanding of 43 

how supercell storms generate tornadoes should lead eventually to improved tornado 44 

forecasts and warnings. 45 

 46 

Introduction 47 
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In Davies-Jones (2025a; hereafter DJ25), theoretical formulas for parcel helicity 48 

(dilatation times the scalar product of storm-relative velocity and vorticity) and abnormality 49 

(parcel helicity divided by windspeed squared) were developed, and it was shown that the 50 

helicity and abnormality of a parcel increases by two to three orders of magnitude and by an 51 

order of magnitude, respectively, during its passage from the environment to a tornado.  In 52 

this paper, the Davies-Jones (2000) analytical model is used to demonstrate how helicity and 53 

abnormality is generated and amplified in fluid flows.   54 

The analytical model assumes a steady state with a primary potential flow.  55 

Environmental vertical shear and stratification are introduced as secondary effects and the 56 

secondary vorticity is calculated.  In this paper, we also compute the parcel helicity and 57 

abnormality.  The assumption that the streamlines are those of the primary flow is the only 58 

source of error in the helicity and abnormality calculations.  Because the secondary velocity 59 

is neglected, the general solution for helicity is a linear combination of three fundamental 60 

solutions, namely for (i) neutral stratification with streamwise environmental vorticity, (ii) 61 

neutral stratification with crosswise environmental vorticity, (iii) unstable environmental 62 

stratification with no environmental vorticity.  These three cases illustrate how curved flow 63 

turns environmental and baroclinically generated transverse vorticity streamwise to generate 64 

parcel helicity, and how the flow amplifies existing and baroclinically generated helicity 65 

through streamwise stretching of streamwise vorticity. 66 

Section 2 summarizes the formulas developed in DJ25.  In section 3, the role of flow 67 

curvature in helicity generation is discussed in general terms.  Section 4 presents helicity and 68 

abnormality fields generated by the analytical model for the three basic solutions.   69 

 70 

2. Summary of formulas in D25 71 

In this section, we list the relevant formulas from DJ25, adapted to steady Boussinesq 72 

isentropic flow in a horizontally uniform environment for easy reference.  Since the flow is 73 

Boussinesq, a = a0, and the w and vorticity vectors are identical. The potential vorticity of 74 

this flow is zero.  The notation is the same as in DJ25. 75 

The velocity formula is 76 

𝐯 = ∇𝜙 + 𝜒∇𝑍 (2.1) 77 
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where 78 

𝜙 = Φ + 𝑞0𝑠0, (2.2) 79 

𝜒 = −
𝑑𝑞0
𝑑𝑍 𝑠0 − 𝑞0

𝑑𝛽0
𝑑𝑍 𝑛0 + 𝑐𝑝

𝑑𝜃
𝑑𝑍 Π, (2.3) 80 

Φ(𝜏) = ∫ [𝑞2(𝜏′) − 𝑞02(𝑍)]𝑑𝜏′
𝜏

𝜏′=𝜏0

, (2.4) 81 

Π(𝜏) = ∫ [𝜋(𝜏′) − 𝜋0(𝑍)]𝑑𝜏′
𝜏

𝜏′=𝜏0

. (2.5) 82 

Since the flow is steady, 83 

𝑑𝜏 = 𝑑𝑠0 𝑞0⁄ (2.6) 84 

in (2.4) and (2.5).  By the curl of (2.1), the vorticity is 85 

𝛚 = ∇𝜒 × ∇𝑍. (2.7) 86 

The vortex lines are the isopleths of c.  The parcel helicity 87 

ℎ ≡ 𝐯 ∙ 𝐰 = ∇𝜙 ∙ 𝛚 = ∇𝜙 ∙ ∇𝜒 × ∇𝑍 =
𝜕(𝜙,𝜒,𝑍)
𝜕(𝑥, 𝑦, 𝑧) (2.8) 88 

in terms of a Jacobian.  The Lagrangian continuity equation for Boussinesq flow is 89 

∇𝑠0 ⋅ ∇𝑛0 × ∇𝑍 =
𝜕(𝑠0,𝑛0,𝑍)
𝜕(𝑥, 𝑦, 𝑧)

= 1 (2.9) 90 

(Salmon 1998, p. 6).  Hence, by properties of Jacobians, 91 

ℎ =
𝜕(𝜙,𝜒,𝑍)
𝜕(𝑥, 𝑦, 𝑧)

𝜕(𝑥, 𝑦, 𝑧)
𝜕(𝑠0,𝑛0,𝑍)

=
𝜕(𝜙,𝜒,𝑍)
𝜕(𝑠0,𝑛0,𝑍) (2.10) 92 

in (s0, n0, Z) coordinates.  Introducing (2.3) and (2.9) into (2.10) results in 93 

ℎ =
𝜕ϕ
𝜕𝑠0

(−𝑞0
𝑑𝛽0
𝑑𝑍 + 𝑐𝑝

𝑑𝜃
𝑑𝑍

𝜕Π
𝜕𝑛0

) +
𝜕ϕ
𝜕𝑛0

(
𝑑𝑞0
𝑑𝑍 − 𝑐𝑝

𝑑𝜃
𝑑𝑍

𝜕Π
𝜕𝑠0
) . (2.11) 94 

Via differentiation of (2.4) and (2.5) with use of (2.6), 95 

𝜕Π
𝜕𝑠0

=
𝜋 − 𝜋0
𝑞0

, (2.12) 96 

𝜕𝜙
𝜕𝑠0

= 𝑞0 + 𝜕Φ
𝜕𝑠0

= 𝑞0 +
𝑞2 − 𝑞02

𝑞0
=
𝑞2

𝑞0
. (2.13) 97 
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Introducing (2.12) and (2.13) into (2.11) yields 98 

ℎ = −𝑞2
𝑑𝛽0
𝑑𝑍 +

𝜕𝜙
𝜕𝑛0

𝑑𝑞0
𝑑𝑍 + (

𝑞2

𝑞0
𝜕Π
𝜕𝑛0

−
𝜕𝜙
𝜕𝑛0

π − 𝜋0
𝑞0

) 𝑐𝑝
𝑑𝜃
𝑑𝑍 . (2.14) 99 

Hence, the abnormality of a parcel is 100 

𝜆 ≡ ℎ
𝑞2 = −

𝑑𝛽0
𝑑𝑍 + 1

𝑞2
𝜕𝜙
𝜕𝑛0

𝑑𝑞0
𝑑𝑍 + ( 1

𝑞0
𝜕Π
𝜕𝑛0

− 1
𝑞2
𝜕𝜙
𝜕𝑛0

π − 𝜋0
𝑞0

) 𝑐𝑝
𝑑𝜃
𝑑𝑍 . (2.15) 101 

An alternative expression for l, derived in DJ25, is, 102 

𝜆 = −
𝑑𝛽0
𝑑𝑍 + ∫ 2𝜅𝛚 ⋅ 𝐧

𝑞 𝑑𝑠′
𝑠

−∞

+ ∫
𝐭 ⋅ ∇𝜋 × 𝑐𝑝∇𝜃

𝑞2 𝑑𝑠′
𝑠

−∞

. (2.16) 103 

Since the barotropic terms in (2.15) and (2.16) must be equal, we obtain 104 

𝜕𝜙
𝜕𝑛0

=
𝑞2

𝑑𝑞0 𝑑𝑍⁄
∫ 2𝜅𝛚 ⋅ 𝐧

𝑞 𝑑𝑠′
𝑠

−∞

. (2.17) 105 

Clearly, ¶f/¶n0 depends on the parcel’s history of flow curvature. 106 

We also need the formula for the Bernoulli function B, which is constant on each material 107 

surface of constant Z in a steady inviscid isentropic flow with a horizontally uniform 108 

upstream environment.  B(Z) is the total parcel energy (the sum of specific kinetic energy, 109 

q2/2, specific enthalpy, cpT, and specific potential energy, gz).  Thus  110 

𝐵(𝑍) = 𝑞2 2⁄ + 𝑐𝑝𝜃(𝑍)𝜋 + 𝑔𝑧 =
𝑞02(𝑍)

2 + 𝑐𝑝𝜃(𝑍)𝜋0(𝑍) + 𝑔𝑍. (2.18) 111 

For reference in section 4, we partition c in (2.3) according to 112 

𝜒 = 𝜒BTIC + 𝜒BTIS + 𝜒BC, 113 

𝜒BTIC = −
𝑑𝑞0
𝑑𝑍 𝑠0,𝜒BTIS = −𝑞0

𝑑𝛽0
𝑑𝑍 𝑛0,𝜒BC = 𝑐𝑝

𝑑𝜃
𝑑𝑍 Π. (2.19) 114 

Here and below, subscripts BTIC, BTIS and BC refer to the parts of a quantity that are 115 

associated with imported crosswise vorticity, imported streamwise vorticity and baroclinic 116 

vorticity, respectively.   117 

Finally, note that the covariant basis vectors in the tangent plane of the Z-surface are 118 

𝐟1 = 𝜕𝐱
𝜕𝑠0

= ∇𝑛0 × ∇𝑍, 𝐟2 = 𝜕𝐱
𝜕𝑛0

= ∇Z × ∇𝑠0. (2.20) 119 
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 120 

3. The role of flow curvature 121 

 We now employ the helicity perspective to show when the curvature effect is 122 

significant in supercell dynamics.  Using linear theory, DJ84 (see his eq. 23) showed that 123 

updraft helicity (the product of vertical velocity and vertical vorticity), when averaged across 124 

an updraft, is proportional to storm-relative environmental helicity.  More simply, the updraft 125 

rotates cyclonically due to upward tilting of streamwise environmental vorticity.  126 

Environmental air flows around the outside of the rotating updraft and turns to the left due to 127 

the centripetal conservative pressure-gradient force associated with the low in the helical 128 

updraft.  Inevitably, flow curvature affects the dynamics of a supercell, as discussed in 129 

Adlerman et al. (1999), Davies-Jones et. al. (2001), Davies-Jones (2017) and Davies-Jones 130 

(2022).  Some simple schematics (Figs. 1-4) summarize the roles played by the curvature and 131 

baroclinic terms in (2.16) in producing parcel abnormality. We consider four extreme cases 132 

of steady flow. 133 

 134 

 135 

FIG. 1.  Schematic of the constant abnormality l0 in a Beltrami flow.  The thick black arrows 136 
indicate the secondary circulation.  The thin black lines are streamlines.  Here, streamline curvature 137 
has no effect on l and parcel helicity varies in proportion to q2. 138 

 139 

The first case is a steady barotropic flow with purely streamwise vorticity.  It is a 140 

Beltrami flow, which is inherently homentropic (Lilly 1982).  Since the curvature factor (in 141 
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(2.16) acts on transverse vorticity and there is none in this case, the flow exits the bend with 142 

the same abnormality, l0, as it enters with (Fig. 1).  Thus (2.16) reduces to 143 

𝜆 = 𝜆0 = −
𝑑𝛽0
𝑑𝑍 . (3.1) 144 

and h = l0q2 where the factor q2 accounts for streamwise stretching of both the vortex tubes 145 

and stream tubes. 146 

 147 

 148 

FIG. 2.  3D diagram of barotropic abnormality development around a left-hand bend (thin black 149 
lines). Black arrows on the inner bank of the bend entrance indicate the vertical profile v(z) of the 150 
environmental flow, which has positive speed shear and no helicity or abnormality. The blue arrow 151 
indicates the direction of the transverse vorticity entering the bend.  The black arrows on the top face 152 
depict the lateral profile of downstream velocity, denoted by v(r), where r is distance from the bend’s 153 
center of curvature. The red “L” indicates low pressure on the inside of the bend. High pressure on the 154 
outside of the bend is not shown. The black arrows and the annotation at the exit of the bend indicate 155 
the sense of the secondary transverse circulation and abnormality produced in the bend (adapted from 156 
Davies-Jones and Markowski 2021 and Davies-Jones 2022).  157 

 158 

The other limiting barotropic case is the classic river-bend flow where the upstream 159 

vorticity is purely crosswise.  The river of air in this context is proxy for a stream tube.  In 160 

this case, the abnormality formulas (2.15) and (2.16) simplify to 161 

𝜆 = 1
𝑞2
𝜕Φ
𝜕𝑛0

𝑑𝑞0
𝑑𝑍 = ∫ 2𝜅𝐰 ⋅ 𝐧

𝑞 𝑑𝑠′
𝑠

−∞

. (3.2) 162 
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where ¶F/¶n0 is related to curvature through (2.17).  This link is evident on physical grounds 163 

because a centripetal pressure-gradient force towards the center of curvature is needed to turn 164 

the flow.  In a supercell, the pressure gradient is a result of low pressure in the mesocyclone 165 

and a mesohigh in the rain-cooled downdraft (e.g., MR14).  It follows from (3.1) that 166 

ℎ ≡ 𝜆𝑞2 = 𝜕Φ
𝜕𝑛0

𝑑𝑞0
𝑑𝑍 . (3.3) 167 

Thus, the airstream enters the bend with no helicity and exits with positive helicity (Fig. 2) 168 

[or negative helicity if the bend is right-handed].  On the mesoscale, a favored location for 169 

tornadoes is near the intersection of a dry line and front (a ‘triple point’).  Here, inflow into a 170 

supercell is curved leftward by the subsynoptic low at the triple point and its helicity is 171 

augmented by the riverbend effect if there is positive speed shear. 172 

 173 

 174 

FIG. 3. Illustration of direct baroclinic generation of helicity and abnormality.  The upstream flow 175 
is devoid of vorticity.  The leftward buoyancy gradient generates the circulation and abnormality 176 
indicated on the downstream cross section of the stream tube.  Flow curvature is irrelevant here. 177 

 178 

To isolate baroclinic effects, we stipulate that the upstream environmental flow is 179 

irrotational.  In this case, (2.14) reduces to 180 

ℎ = (
𝑞2

𝑞0
𝜕Π
𝜕𝑛0

− 𝜕Φ
𝜕𝑛0

π − 𝜋0
𝑞0

) 𝑐𝑝
𝑑𝜃
𝑑𝑍 . (3.4) 181 
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On an isentropic surface temperature is proportional to pressure.  The first baroclinic 182 

limiting case is when the temperature or pressure gradient on each isentropic surface is across 183 

the flow and to the left of it.  In this case, (3.4) implies that 184 

𝜆 = 1
𝑞0
𝜕Π
𝜕𝑛0

𝑐𝑝
𝑑𝜃
𝑑𝑍 (3.5) 185 

In unstable stratification (dq/dZ < 0), the flow downstream obtains positive helicity and 186 

abnormality (Fig. 3) irrespective of flow curvature because the curl of the buoyancy force 187 

generates streamwise vorticity directly. 188 

 189 

 190 

FIG. 4.  Caricature of baroclinic abnormality generation in a downward tilting stream tube in an 191 
unstably stratified environment.  The air on the top surface of the stream tube is potentially cooler 192 
than that on the bottom surface.  The secondary circulation shown on a lateral face consists of cooler 193 
air sinking (blue arrows) and warmer air rising (red arrows).  The bend effect acting on the associated 194 
transverse vorticity produces streamwise vorticity and abnormality as indicated on the downstream 195 
cross section of the stream tube. 196 

 197 
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In the other purely baroclinic limiting case, the temperature gradient on the isentropic 198 

surface is downstream.  In this case (3.4) simplifies to 199 

ℎ = 𝜕Φ
𝜕𝑛0

(−
π − 𝜋0
𝑞0

𝑐𝑝
𝑑𝜃
𝑑𝑍) . (3.6) 200 

As an example, consider the situation in Fig. 4 where unstably stratified isentropic flow is 201 

subsiding and turning to the left.  The factor in the parenthesis of (3.6) is accumulated 202 

baroclinic vorticity.  It is associated with the direct positive transverse circulation shown on 203 

the side of the stream tube in Fig. 4.  By (2.17) positive ¶F/¶n0 is associated with positive 204 

curvature.  Thus, the river-bend effect generates positive helicity as the flow bends to the left.  205 

In a supercell, this vorticity develops baroclinically in descending cyclonically revolving air 206 

currents within the outer portion of the mesocyclone  207 

We have shown that parcels gain helicity by turning left in the presence of positive speed 208 

shear.  One might expect that most trajectories in a mesocyclone are leftward.  Paradoxically, 209 

upward trajectories can turn anticyclonically in a cyclonically rotating supercell updraft.  210 

Such trajectories exist because rising parcels encounter environmental winds that 211 

progressively veer with height and act to turn them to the right, despite the vertical vorticity 212 

being cyclonic (Lilly 1986).  However, subsiding parcels experience consecutive 213 

environmental winds that turn them leftward, i.e., the same direction as the rotation.  So, we 214 

can safely assume that most parcels in a twisting cyclonic downdraft do turn to the left. 215 

 216 

4. An illustrative flow example 217 

In this section we use a workable example to illustrate the theoretical fluid dynamics.  We 218 

considered using the MR14 toy model that mimics a supercell in a sheared environment by 219 

utilizing a heat sink produces baroclinic vorticity at low levels.  However, this flow is not 220 

isentropic, so it does not exemplify the current theory. Instead, we look for an example where 221 

the flow has zero PV, and the general shape of the steady-state isentropic surfaces determine 222 

the temperature and curvature histories of individual parcels.  Unfortunately, there are no 223 

exact 3D analytical solutions with analytical trajectories that resemble a mesocyclone in a 224 

horizontally uniform environment so instead we use a dissimilar analytical model (Davies-225 

Jones 2000, hereafter DJ00) to illustrate physical interpretation of the theoretical formulas in 226 
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DJ25.  Unlike a tornadic storm, this model is incapable of obtaining large helicities.  227 

Nevertheless, it demonstrates the basic physics. 228 

In the DJ00 model, the velocity v in (2.1) is partitioned into a primary irrotational wind 229 

v(1) and a secondary rotational wind v(2) where 230 

𝐯(1) = ∇𝜙,𝐯(2) = 𝜒∇𝑍. (4.1) 231 

The model assumes that the wind is Ñf and the vorticity is Ñc´ÑZ so the model is strictly 232 

valid only when the secondary wind is small compared to the primary wind.  Environmental 233 

vertical shear and stratification are introduced as small barotropic and baroclinic secondary 234 

effects that only affect the (secondary) vorticity.  As shown in DJ25, the formulas for parcel 235 

helicity and abnormality are independent of v(2).  Computation of the parcel trajectories from 236 

v(1) instead of from v(1)+ v(2) is only source of error in the computations of h and l. 237 

 For the primary flow, we use incompressible westerly flow around a sphere of radius A 238 

centered at the origin (DJ00; DJ17).  The potential temperature q, environmental windspeed, 239 

q0, and direction, b0, are treated as constants in the irrotational primary flow.  From eq. 7.1 of 240 

DJ00, the potential and velocity of this flow in Eulerian coordinates) with the x-axis aligned 241 

with the environmental wind in the Z0-surface) are 242 

𝜙(𝑥, 𝑦, 𝑧) = 𝑞0𝑥 [1 + 𝐴3

(𝑥2 + 𝑦2+𝑧2)3 2⁄
] , 𝐯 = ∇𝜙. (4.2) 243 

The primary flow satisfies continuity (Ñ2f  = 0) and the boundary conditions v = q0i at 244 

infinity and impermeability at the surface of the sphere. 245 

 246 
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 247 

FIG. 5.  Aerial perspective of the depression in the Z-surface.  The f1 and f2 vectors are tangents to 248 
this surface, ÑZ is normal to it, and Ñs0 and Ñn0 are typically oblique to it. 249 

 250 

We choose the particular material surface, Z0 = -A/2, along which the flow passes around 251 

and under the obstacle. The topography of this surface is a circular depression (Fig. 5).  On it 252 

we define a grid that is regularly spaced in x and y.  For the primary flow, we choose A = 253 

1000 m and q0 = 10 m s-1.  The dilatation, a/a0, on the surface varies by at most 5% from 1.  254 

This justifies use of the Boussinesq approximation.  The heights h(x, y) of the grid points on 255 

this surface are obtained by solving 256 

ℎ2 [1 − 𝐴3

(𝑥2 + 𝑦2+ℎ2)3 2⁄
] = 𝑍02 (4.3) 257 

(DJ00 eq. 8.1).   Since the flow is axisymmetric about the x-axis, 258 

𝑛0(𝑥, 𝑦) =
𝑦
ℎ 𝑍0 (4.4) 259 

(DJ00 eq. 9.1).   The wind and streamfunction on the surface are v = q0f1 and y = q0n0. 260 

We obtain the surface Lagrangian coordinates s0(x, y) and n0(x, y) via primary-wind 261 

trajectories calculated by Petterssen’s method (Siebert 1993).  Let t0 be a long-ago time when 262 

all the parcels currently near the depression were in the far environment.  To avoid large 263 

numbers in the computations, we redefine s0 by adding the distance q0(t - t0) that a parcel 264 
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would travel in the time interval t - t0 if it moved with the constant environmental wind q0i.  265 

This procedure does not change ÑZs0.  We check that the trajectories satisfy (4.4).   266 

We obtain the pressure on the surface from constancy of the primary flow’s Bernoulli 267 

function and the known height and wind speed on the surface. Thus, 268 

𝑐𝑝𝜃(𝜋 − 𝜋0) = 𝑔(𝑍0 − ℎ) + (𝑞02 − 𝑞2) 2.⁄ (4.5) 269 

from (2.18).  Apart from in severe windstorms, the KE term is small, so pressure on the 270 

surface typically decreases with height. 271 

We compute cumulative quantities in the steady flow as in section 9 of DJ00.  Because x 272 

increases monotonically along the streamlines, we can use the equation for a streamline to 273 

replace dt by dx/u in the integrals in (2.4) and (2.5).  Since we have found h(x, y) and n0(x, y) 274 

from (4.3) and (4.4), we can evaluate any physical quantity as a function of x, n0 and Z0.  275 

Hence from (2.4), F can be expressed as 276 

Φ(𝑥,𝑛0,𝑍0) = ∫
𝑞2 − 𝑞02

𝑢 𝑑𝑥′
𝑥

𝑥′=−∞
. (4.6) 277 

where the integrand is evaluated at points on the (n0, Z0)-streamline.  Similarly, by 278 

performing the Lagrangian integral of (4.5), we obtain 279 

𝑐𝑝𝜃Π(𝑥,𝑛0,𝑍0) = 𝑔∫
𝑍0 − ℎ
𝑢 𝑑𝑥′

𝑥

−∞
+ 1

2
∫

𝑞02 − 𝑞2

𝑢 𝑑𝑥′
𝑥

−∞
. (4.7) 280 

We also need formulas for computing the quantities ¶j/¶s0 and ¶j/¶n0 where j is a 281 

generic scalar.  We get these as follows.  By the chain rule 282 

[
𝜕𝜑 𝜕𝑥⁄
𝜕𝜑 𝜕𝑦⁄

] = [
𝜕𝑠0 𝜕𝑥⁄ 𝜕𝑛0 𝜕𝑥⁄
𝜕𝑠0 𝜕𝑦⁄ 𝜕𝑛0 𝜕𝑦⁄

] [
𝜕𝜑 𝜕𝑠0⁄
𝜕𝜑 𝜕𝑛0⁄

] . (4.8) 283 

By matrix inversion, 284 

[
𝜕𝜑 𝜕𝑠0⁄
𝜕𝜑 𝜕𝑛0⁄

] = 1
𝜕(𝑠0,𝑛0) 𝜕(𝑥, 𝑦)⁄

[
𝜕𝑛0 𝜕𝑦⁄ −𝜕𝑛0 𝜕𝑥⁄
−𝜕𝑠0 𝜕𝑦⁄ 𝜕𝑠0 𝜕𝑥⁄

] [
𝜕𝜑 𝜕𝑥⁄
𝜕𝜑 𝜕𝑦⁄

] . (4.9) 285 

Thus 286 

𝜕𝜑
𝜕𝑠0

=
𝜕(𝜑,𝑛0) 𝜕(𝑥, 𝑦)⁄
𝜕(𝑠0,𝑛0) 𝜕(𝑥, 𝑦)⁄

, (4.10) 287 

𝜕𝜑
𝜕𝑛0

=
𝜕(𝑠0,𝜑) 𝜕(𝑥, 𝑦)⁄
𝜕(𝑠0,𝑛0) 𝜕(𝑥, 𝑦)⁄

. (4.11) 288 
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All the above quantities are determined just by the primary flow, which is common to all 289 

cases. 290 

  291 

 292 

FIG. 6.  The contours of n0 (purple) and s0 (red) within the surface Z0 = -500 m for A = 1000 m, 293 
q0 = 10 m s-1.  This diagram applies to all the cases.  The environmental wind is from x = -¥.  The 294 
streamfunction and vortex-line functions are y = q0n0, cBTIC º - s0dq0/dZ and cBTIS º -n0q0db0/dZ, so 295 
the purple contours are streamlines and vortex lines of imported streamwise vorticity, and the red 296 
contours are transversals (material lines that far upstream are crosswise to the wind) and vortex lines 297 
of imported crosswise vorticity.  In this and subsequent figures, the parentheses enclose the minimum 298 
value of a field, the minimum contour value, the maximum contour value, the maximum value, and 299 
the contour interval, respectively.  Negative contours are dashed.  The colored filled contours in this 300 
figure and figures 8-14 are the height contours of the surface with contour levels supplied in the label 301 
bar at right. The black dots, •, define a tiny fluid cross (exaggerated for illustrative purposes) with 302 
arms APB and CPD.  The fluid cross is shown when it is upstream and downstream of the obstacle.  303 
The flow is steady so parcels travel along their streamlines.  PA and PC are the vectors f1 and f2 304 
attached to parcel P. 305 

 306 

The Z-surface at its nadir is only 83 meters lower than the bottom of the sphere whereas 307 

its height far upstream is 500 m above the lowest point of the sphere (Fig. 6).  The purple 308 

lines (n0 = const.) and red lines (s0 = const.) in Fig. 6 are streamlines and transversals 309 
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(material lines that far upstream are transverse to the flow) of the primary flow. Since parcel 310 

trajectories on the right side are mirror images (reflection in the x-axis) of those on the left, 311 

we will generally describe just the left side (y > 0) of the flow.  Left-side parcels approaching 312 

the depression initially slow and turn left.  They then accelerate and turn to the right.  They 313 

reach maximum speed as they cross the y-axis.  The downstream portion of the trajectory is a 314 

mirror image (reflection in the y-axis) of the upstream part.   Because of upstream flow 315 

deceleration and divergence, the transversals are held back and turn streamwise on the left 316 

side and antistreamwise on the right side (red lines in Fig. 6).   This general shape is 317 

maintained downstream (Fig. 6). 318 

Since barotropic vorticity is frozen in the fluid, we aid physical interpretation by 319 

considering a tiny fluid cross attached to a parcel P within the flow on the Z-surface (Dahl et 320 

al. 2014).  The cross is shown greatly enlarged in Fig. 6.  It starts out on the Z-surface in the 321 

environment with two horizontal orthogonal arms (as in fig. 5.15 in Davies-Jones et al 2001).    322 

Far upstream one arm APB is streamwise with parcels A and B a tiny distance D downstream 323 

and upstream from P when the cross is far upstream.  The other arm CPD is initially 324 

perpendicular to AB with C and D distance D to the right and left of P.  The vectors /D and 325 

/D are the covariant basis vectors f1 and f2.  These are tangent to the streamlines and 326 

transversals, respectively.  As the fluid cross travels downstream in the Z-surface, the 327 

streamwise arm remains streamwise as its parcels are tied to a streamline and the transversal 328 

arm turns relative to the streamwise arm.  The wind vector v = q0f1.  Due to mass 329 

conservation, the area of the parallelogram defined by f1 and f2 times the spacing of the Z-330 

surfaces is equal to the dilatation (which is 1 in our Boussinesq flow). 331 

 332 
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 333 

FIG.7.  Contours of excess KE (black) and excess enthalpy (filled) in the primary flow on the Z0-334 
surface.  The excesses are relative to values far upstream on the Z0-surface.  335 

 336 

Contours of excess KE are shown in Fig. 7.  Parcels initially lose KE in divergent flow as 337 

they approach the depression, then gain KE as they pass through it before losing KE again in 338 

divergent flow downstream.  Owing to flow constriction and mass conservation, the Z-339 

surfaces are packed closer together immediately underneath the sphere.  Consequently, the 340 

maximum speed of 14 m s-1 occurs on the Z0-surface at its nadir.  Since pressure typically 341 

decreases with elevation, the excess pressure on the Z0-surface, p - p0, is positive with a 342 

maximum at the origin (Fig. 7).  Since q is constant on the surface, the excess enthalpy, 343 

cpq(p-p0), is also positive and centered on the origin. 344 

 345 
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 346 

FIG. 8.  The cumulative excess enthalpy field E (black) and contours of the velocity potential f on 347 
the Z0-surface (red) for the primary flow.  The contours of P are coincident with those of E. 348 

 349 

The lines of equal potential f are shown in red in Fig. 8.  The wind is normal to these 350 

lines with windspeed inversely proportional to their spacing.  The black lines are contours if 351 

cumulative excess enthalpy.  Given the excess enthalpy field depicted in Fig. 7, the 352 

cumulative excess enthalpy, E º cpqP, increases downstream and decreases laterally with 353 

distance from the centerline y = 0.  Consequently, the contours of both E and P are hairpins 354 

with arms extending downstream. 355 

Environmental vertical shear and stratification are introduced as barotropic and baroclinic 356 

secondary effects.  The secondary vorticity is computed from (2.7) and (2.3).  For the 357 

secondary flow, we consider three extreme cases: 358 

1. Beltrami flow (-q0db0/dZ = 10-2 s-1, dq0/dZ = dq/dZ =0), 359 

2. Barotropic flow with only crosswise environmental vorticity (dq0/dZ = 10-2 s-1, 360 

db0/dZ = dq/dZ =0), 361 
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3. Purely baroclinic flow [db0/dZ = dq0/dZ = 0, q = 300 K, dlnq/dZ = -10-5 m-1 as in 362 

Kuo (1966)]. 363 

Because the secondary velocity is neglected, more general cases are just linear combinations 364 

of these three cases.  In cases 1 and 2, the vortex lines are frozen into the fluid.   365 

 366 

 367 

FIG. 9.  The parcel-helicity field wBTIS•v (black contours) for the Beltrami case 1 (purely 368 
streamwise vorticity).  This field is simply -q2db0/dZ where -db0/dZ, the abnormality, is constant (=1 369 
km-1 here).  Contours of y (purple) provide some streamlines. 370 

 371 

We now describe the secondary vorticity, abnormality and parcel helicity in the three 372 

cases.  In case 1, w = -q0db0/dZ f1 so the material vector PA in Fig. 6 is proportional to the 373 

purely streamwise vorticity.  The vortex lines, given by cBTIS º -(q0db0/dZ)n0 = const., are 374 

frozen to the streamlines and stretch with the flow.  There is no vertical vorticity at the nadir 375 

of the trajectories (x = 0).  From (3.1), the abnormality lBTIS = -db0/dZ, is constant (= 1 rad 376 

km-1) and the parcel helicity is -q2db0/dZ.  Consequently, the parcel helicity associated with 377 

imported streamwise vorticity is greatest at the sides and least immediately upstream and 378 
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downstream of the sphere (Fig. 9).  Increasing helicity of a parcel in this case is simply due to 379 

increase in its windspeed and to related stretching of its streamwise vorticity.  380 

 381 

 382 

FIG. 10.   The abnormality associated with barotropic imported crosswise vorticity (case 2). 383 

 384 

In case 2, the environmental vorticity is purely crosswise.  The barotropic vorticity is 385 

frozen to the arm DPC of the fluid cross and is equal to the environmental crosswise 386 

vorticity, dq0/dZ, times f2.  Streamwise vorticity is generated as DPC turns scissor-like 387 

towards BPA. Because D and C lie on different streamlines, DC can become greatly 388 

elongated as it turns towards BA.  The vortex lines are the contours of cBTIC º -(dq0/dZ)s0 = 389 

const. so the red contours in Fig. 6 are the vortex lines of imported crosswise vorticity as well 390 

as the transversals.  As evident from the transversals in Fig. 6, the vortex lines are directed 391 

across the flow from right to left.  They are turned partly streamwise on the left side of the 392 

flow.  At the nadirs of the left-sided trajectories (x = 0, y > 0), the vortex lines are directed 393 

upslope so the vertical vorticity is positive there.  From (2.16), the parcel abnormality arising 394 

from imported crosswise vorticity is 395 
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𝜆BTIC = ∫ 2𝜅𝛚 ⋅ 𝐧 𝑑𝑠′𝑞 ,

𝑠

−∞

(4.12) 396 

so l increases along a streamline where it curves to the left and decreases where it curves to 397 

the right (Fig. 10).  Because the left-side parcels initially turn to the left, there is a maximum 398 

of l in the left rear quadrant (x < 0, y > 0) of the depression due to the river-bend effect (Fig. 399 

10).  The parcels then turn to the right as they flow around the obstacle, so l diminishes for a 400 

while, even becoming negative for parcels moving along the outer streamlines.  Further 401 

downstream, the parcels turn leftward once again, and l increases.  The maximum BTIC 402 

abnormality (> 0.7 m-1) is downstream of the depression. 403 

 404 

 405 

FIG. 11.  The contours of helicity in case 2.  This helicity is associated with imported crosswise 406 
vorticity and is equal to (dq0/dZ)¶f/¶n0 from (2.14) where dq0/dZ = 10-2 s-1 here.  There is no helicity 407 
infinitely far upstream. 408 

 409 

The barotropic helicity field (Fig. 11) is quite similar since h =q2l as always.  There is 410 

nonzero helicity at downstream infinity.  Left-sided parcels nearest the centerline have the 411 
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shortest dwell times in the right-hand bend and always have positive helicity.  Slower moving 412 

parcels to their left can have negative helicity for a while due to their spending a long time 413 

turning right. 414 

 415 

 416 

FIG. 12.  The contours of q0s0 + F (red) and cBC º (cpdq /dZ)P (black) in case 3.  The q0s0 + F 417 
field is determined solely by the primary flow and is the same as the f field (c.f. Fig. 8).  The contours 418 
of cBC are proportional to those of cumulative excess enthalpy in Fig. 8.  They are the baroclinic 419 
vortex lines.  The blue arrow on one of the vortex lines indicates the direction of the vorticity. 420 

 421 

From (2.19), the vortex lines in case 3 are the contours of cBC º (cpdq/dZ)P = const.  The 422 

stratification is unstable so dq/dZ is negative.  Hence, the cBC is similar to the P field shown 423 

in Fig. 8, but with a change of sign.  Alternatively, the vortex lines are coincident with the 424 

isopleths of cumulative temperature.  Consequently, as deduced by DJ00, the vortex lines are 425 

hairpins in the Z-surface with arms extending to downstream infinity (Fig. 12).  The 426 

baroclinic vortex lines have this shape as a result of generation of baroclinic vorticity in the 427 

depression and subsequent downstream advection. By (2.7), (2.19) and the above definition 428 

of E, 429 
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𝜔BC = ∇𝜒BC × ∇𝑍 = 1
𝜃
𝑑𝜃
𝑑𝑍 ∇𝐸 × ∇𝑍. (4.13) 430 

Since ¶E/¶y < 0 on the left side of the flow (Fig. 8), the vorticity far downstream is 431 

streamwise on the left side.  At the nadirs of the left-sided trajectories, the vortex lines are 432 

directed upslope, indicating positive vertical vorticity there (DJ00). 433 

The red curves in Fig. 12 are the contours of q0s0 + F in the primary flow.  Comparison 434 

with Fig. 8 confirms that, on the Z0-surface, the q0s0 + F field is identical to the f-field. 435 

 436 

 437 
FIG. 13.  The contours of baroclinic helicity in case 3.   438 

 439 

From (2.11) and the definition of cumulative excess enthalpy (E º cpqP), the parcel 440 

baroclinic helicity is 441 

ℎ =
𝜕ϕ
𝜕𝑠0

𝜕E
𝜕𝑛0

1
𝜃
𝑑𝜃
𝑑𝑍 −

𝜕ϕ
𝜕𝑛0

𝜕E
𝜕𝑠0

1
𝜃
𝑑𝜃
𝑑𝑍 . (4.14) 442 

Contours of this field and the two individual terms in (4.14) are shown in Figs. 13-15.  443 

Consistent with the baroclinic vortex lines depicted in Fig. 12, the baroclinic helicity field is 444 
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antisymmetric about the y-axis with positive values on the left side of the flow (Fig. 13).  It 445 

has a maximum on the left front side of the depression.   446 

 447 

 448 

Fig. 14. Contours of the part of baroclinic helicity associated with transverse temperature gradients. 449 

 450 

As described in section 3, the baroclinic helicity consists of parts associated with 451 

crosswise and streamwise temperature gradients.  Respectively, these are the first and second 452 

terms on the right of (4.14).  Because the enstrophy on the isentropic surface decreases with 453 

distance from the centerline of the flow, the cumulative enstrophy of parcel C in the stencil 454 

shown in Fig. 6 is less than that of parcel D.  Hence ¶E/¶n0 < 0 on the left side of the flow.  455 

By similar reasoning, ¶E/¶n0 > 0 on the right side.  Since f increases downstream (Fig. 8), f 456 

of parcel A is greater than that of parcel B.  Consequently, ¶f/¶s0 > 0.  Hence, the first term is 457 

positive on the left side of the flow and negative on the right side when the stratification is 458 

unstable (dq/dZ < 0). 459 
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 460 

Fig. 15. Contours of the part of baroclinic helicity associated with streamwise temperature gradients. 461 

 462 

For the chosen primary flow, the second term (Fig. 15) is much smaller than the first 463 

term.  We can explain its dominant features as follows.  Because parcel A is more advanced 464 

than B (Fig. 6) and cumulative enstrophy E increases downstream, ¶E/¶s0 > 0.  At x =0, there 465 

is no transverse gradient of f (Fig. 8).  However, parcel C is further downstream than parcel 466 

D (Fig, 6).  Since f increases downstream (Fig. 8) and parcel C has the larger n0 (Fig. 6), 467 

¶f/¶n0 > 0 on the left side of the flow at x =0.  Thus, the second term is mainly positive on 468 

the left side of the flow when dq/dZ < 0.  Conversely, it is mainly negative on the right side. 469 

 470 
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 471 

FIG. 16.  The abnormality in case 3. 472 

 473 

Since l = h/q2, the abnormality field is similarly antisymmetric about the y-axis with 474 

positive values on the left side (Fig. 16). Its magnitude is less than 1.09 km-1.  Parcels retain 475 

substantial baroclinic abnormality downstream. 476 

 477 

5. Conclusions 478 

We have utilized the DJ00 steady-state secondary-vorticity model to illustrate properties 479 

of parcel helicity (essentially the scalar product of a parcel’s velocity and vorticity) and 480 

abnormality (parcel helicity divided by windspeed squared) that were deduced theoretically 481 

in DJ25.  Because we neglect the secondary wind, there are three main cases to consider.  All 482 

other cases are linear combinations of these cases.  483 

In the first case, the flow is barotropic with purely streamwise vorticity.  The abnormality 484 

is constant everywhere and the helicity simply varies with the square of the windspeed.  The 485 

second case concerns barotropic flow with vorticity that far upstream is purely crosswise.  486 
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Environmental helicity is absent. When the environmental speed shear is positive, parcels 487 

gain helicity when they turn to the left and lose it when they turn to the right.  In the third 488 

case, the flow is isentropic without environmental vorticity.  Vorticity is generated 489 

baroclinically along the isotherms and swept downstream. The resulting vortex lines are 490 

hairpins coincident with the isopleths of cumulative temperature.  This configuration 491 

associates with positive helicity on the left side and negative helicity on the right side of the 492 

flow when the thermal stratification is unstable. 493 

The analytical DJ00 model fails to generate large increases in l because parcels do not 494 

spend much time in (a) baroclinic zones that enable them to accumulate streamwise 495 

baroclinic vorticity, (b) in streamwise pressure gradients during descent, and (c) in long left-496 

hand bends where any positive transverse vorticity that they possess is turned nearly 497 

streamwise and stretched.  Better examples for significant generation of parcel helicity and 498 

abnormality are flow around a left-hand river bend where upstream crosswise vorticity (in the 499 

form of positive speed shear) is turned streamwise (Shapiro 1972; Scorer 1997) and the DJ08 500 

axisymmetric tornadogenesis model.  The development of large parcel helicities and 501 

abnormalities in the latter is investigated in Davies-Jones (2025b). 502 
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