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ABSTRACT 16 

Parcel helicity, h, is the scalar product of a fluid parcel’s storm-relative velocity, v and its 17 

dilatation times vorticity, w.  Parcels that enter tornadoes possess helicities hundred times 18 

larger than environmental values.  Theory is used to investigate large parcel helicities and 19 

why storm-relative environmental helicity, despite its relative smallness, might be a useful 20 

tornado forecast parameter.  To obtain tractable mathematics, the flow is specified to be dry, 21 

frictionless, and isentropic.  A Lagrangian integral of the equation of motion results in 22 

formulas for the covariant wind components of parcel wind and thence w and parcel helicity. 23 

The w-vector partitions into barotropic and baroclinic parts (wBT and wBC), and velocity 24 

decomposes into three parts, a potential part (vF=ÑF) and parts (vBT and vBC) induced by 25 

barotropic and baroclinic vorticities.  Here F is the Lagrangian integral of parcel kinetic 26 

energy minus static energy.  When the environment is horizontally uniform, it is shown that h 27 

=w•Ñ(F+f0) where f0 is the potential of the environmental wind.  Thus, only the irrotational 28 

wind vf  ºÑ(F+f0) contributes to parcel helicity. 29 

The vf-wind is important because it describes left-turning, subsiding, potential flow from 30 

the environment around the storm’s warm-core rotating updraft and into the tornado. As a 31 

parcel turns leftward and sinks, its overall vorticity is turned more streamwise by the river-32 

bend effect.  Simultaneous vortex stretching and amplification of F in vortex-sink flow 33 

accounts for large helicity in the tornado. 34 

 35 

SIGNIFICANCE STATEMENT 36 

Understanding environmental conditions that favor development of quasi-steady and 37 

particularly dangerous supercells is vital to public safety as these supercells often produce a 38 

major outbreak of long-lived, long-track, violent tornadoes.  During its passage from the 39 

environment to a strong tornado, the helicity (scalar product of vorticity and storm-relative 40 

wind) of a parcel increases by a hundred fold or more.  An analytical formula developed 41 

herein further tornadogenesis knowledge by demonstrating how such immense parcel 42 

helicities can arise.  The skill of storm-relative environmental helicity as a tornado forecast 43 

parameter is apparently based on its ability to predict the storm-scale rotation that precedes 44 

tornadogenesis. 45 

 46 
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1. Introduction 47 

Tornadoes form very rapidly through a mechanism that still is not completely understood.  48 

Recent reviews of tornadoes include Rotunno (2013), Davies-Jones (2015a), Fischer et al. 49 

(2024) and Rotunno and Bluestein (2024).  Tornado theoreticians often address the problem 50 

of how a tornado acquires enormous vertical vorticity.  An alternative question tackled in this 51 

paper is how tornadoes obtain enormous parcel helicities. To make inroads into how 52 

tornadoes form and sustain themselves, the theory herein mostly assumes dry, isentropic, and 53 

inviscid flow in a sheared, unstably stratified, horizontally uniform environment.  An 54 

analytical formula is obtained that describes how the helicity of a parcel changes in a 55 

simplified flow that contains the essential ingredients for supercellular convection.  56 

Important quantities in supercell dynamics are streamwise vorticity, ws, which is the 57 

component of vorticity in the direction of the storm-relative 3D wind, and a new quantity, 58 

parcel helicity, h, which is dilatation times the scalar product of parcel storm-relative 3D 59 

velocity, v, and vorticity, w.  [Dilatation is the ratio of a parcel’s current volume to its initial 60 

volume.  For small vertical displacements, it is nearly one.]  Equivalently, parcel helicity is 61 

dilatation times streamwise vorticity times the storm-relative wind speed, q. 62 

In frictionless flow, there are two types of vorticities, barotropic and baroclinic (Dutton 63 

1976, pp. 385-390).  In the context of this paper, barotropic vorticity is vorticity present in the 64 

far-upstream environment that is subsequently stretched and reoriented by being frozen in the 65 

fluid.  In contrast, baroclinic vorticity is absent far upstream.  It is generated by solenoids and 66 

then stretched and realigned. 67 

The rotating updraft of a supercell is due to tilting of environmental streamwise vorticity 68 

(Davies-Jones 1984, hereafter DJ84).  It superficially resembles an axisymmetric Beltrami 69 

flow (BF) in an environment with purely streamwise vorticity (Davies-Jones 2008).  A BF is 70 

a flow in which w is always parallel to v.  In a BF, the Bernoulli function (the sum of parcel 71 

kinetic and static energies) is spatially and temporally constant, and the parcel helicity varies 72 

as q2.  At mid-levels in a typical mesocyclone, the parcel helicity is comparable to its 73 

environmental value so amplification and reorientation of low-level environmental 74 

streamwise vorticity as in a BF can explain the updraft’s rotation.  In nature, a low-75 

precipitation (LP) supercell (Davies-Jones et al. 1976, Bluestein and Parks 1983) is a prime 76 

example of a rotating updraft that resembles a BF.  Its updraft is not loaded with water 77 

because the rain and hail that forms within it exhausts into the anvil.  The base of the 78 
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cumulonimbus is virtually free of precipitation.  Despite their strong mid-level rotation and 79 

frequent production of funnel clouds, LP supercells seldom produce significant tornadoes.   80 

Even though low-level environmental helicity is insignificant compared to the helicity in 81 

a tornado, it is paradoxically still an important predictor of tornadic supercells (MR14).  The 82 

skill exhibited storm-relative environmental helicity as a tornado-forecast parameter 83 

(Markowski and Richardson 2014, hereafter MR14) must be due to its association with 84 

environmental streamwise vorticity, which is the origin of updraft rotation (DJ84).   85 

A tornado is far from a BF.  In an incompressible BF, the abnormality l is defined by w = 86 

lv and is a universal constant.  In real environments, we herein define l as the dilatation 87 

times ws divided by q.  Parcels that enter significant tornadoes have huge helicities.  For 88 

example, in the violent Raleigh, NC tornado of 28 November 1988, the average parcel 89 

helicity, wind speed, and streamwise vorticity in the lowest 1 km of the environment were 90 

about 0.33 m s-2, 16.7 m s-1, and 0.02 s-1 (as deduced from fig. 5 in Davies-Jones 2021).  If 91 

the maximum wind and vorticity in the tornado were roughly 100 m s-1 and 2 s-1, the helicity 92 

of a parcel entering the tornado was roughly 200 m s-2 or 600 times the environmental value 93 

even though the windspeed only increased sixfold.   If the flow were a Beltrami flow, the 94 

parcel helicity would have increased only 36 times.  For the low-level Raleigh environment, 95 

the estimated abnormality is 0.0012 m-1.   Based on the above figures, the ratio of l in the 96 

tornado to that in the environment was about 16 in contrast to one for a BF. 97 

High amplifications of parcel helicity and streamwise vorticity occur in numerical 98 

simulations of supercells such as MR14’s idealized supercell simulation with a free-slip 99 

lower boundary condition.  This simulation produced a tornado-like vortex (TLV).  Using 100 

inviscid vorticity dynamics with Beltrami type behavior, Rotunno et al. (2017) explained the 101 

vorticity of a parcel on its ‘final approach’ to the TLV.  The parcel descended to just two 102 

meters above the ground, before rising and entering the TLV.  From the numerical values 103 

provided, we can calculate the amplification factors.  At the nadir, the parcel’s helicity, 104 

streamwise vorticity, and l are in turn 130, 50, and 20 times their environmental values. 105 

Since l is conserved in a Beltrami flow, the increase in l must have occurred before the final 106 

approach and so it is not due to frictional interaction of the flow with the ground.  Instead, the 107 

growth in l must have occurred earlier when the parcel was at higher altitude.  108 

In contrast to the rotating supercell updraft, which originates from upward tilting and 109 

stretching of streamwise barotropic vorticity (DJ84), the parcels that enter a tornado may 110 
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have descended (Davies-Jones 1982) with their horizontal vorticity greatly enhanced 111 

baroclinically during their shallow descent (e.g., Rotunno and Klemp 1985; Davies-Jones and 112 

Brooks 1993; Wicker and Wilhelmson 1995; Adlerman et al., 1999; Rotunno et al. 2017; 113 

Davies-Jones 2017, hereafter DJ17; Davies-Jones 2022, hereafter DJ22).  Rotating rain 114 

curtains form in the updraft and give rise within the outer part of the mesocyclone to left-115 

turning subsiding flow driven by inertial and downward buoyancy forces.  A ‘river-bend’ 116 

effect occurs whereby positive transverse vorticity is turned into streamwise vorticity 117 

(Adlerman et al. 1999; Davies-Jones et al. 2001; MR14; DJ17, DJ22).  The vorticity of a 118 

parcel near the ground in a mesocyclone is predominantly baroclinic according to Rotunno 119 

and Klemp (1985), Dahl et al. (2014) and Dahl (2015).  The large vertical vorticity in the 120 

tornado is due to an intense upward pressure-gradient force that tips horizontal vortex lines 121 

abruptly upward.  Dahl and Fischer (2023) investigated the origins of rotation for 7 parcels 122 

that entered the base of a tornado-like vortex in a simulated supercell.  Although surface drag, 123 

baroclinic vorticity and preexisting vorticity all contributed to the rotation of some of these 124 

parcels, their results indicated no universal source of rotation. 125 

Previous work (DJ17; DJ22) derived explicit formulas for parcel vorticity and streamwise 126 

vorticity.  In the special case of, inviscid, isentropic flow, a formula for parcel helicity is 127 

developed herein.  This special case is important for understanding quasi-steady supercells 128 

and as a first step to unravelling the mysteries of tornadogenesis.  The Lagrangian approach 129 

utilizes the contravariant and covariant components of vectors (Fleisch 2012; Dahl et al. 130 

2014).  Section 2 provides the governing equations and section 3 derives the equations that 131 

govern parcel helicity, l and streamwise vorticity in a Eulerian framework.  Section 4 132 

reviews non-orthogonal coordinate systems for the reader’s benefit.  In section 5 the 133 

covariant wind components are discovered and then used to form the scalar product of wind 134 

and vorticity and hence to obtain the formulas for parcel helicity and l.  The math perhaps 135 

could be simplified by using differential forms (Collier 2021).  Section 6 explores the case 136 

where the environment is horizontally uniform and unchanging.  Section 7 demonstrates that 137 

for steady isentropic flow with zero PV the formula for l is the integral of Scorer’s (1997) 138 

equation for streamwise vorticity.  It also reveals the connection between curved motion and 139 

helicity production.  Conclusions are listed in section 8. 140 

Subsequent papers (Davies-Jones 2025a, b) illustrative helicity fields calculated from 141 

idealized models.  Davies-Jones (2025a) uses the Davies-Jones (2000) analytical model that 142 

adopts a primary-flow, secondary-flow approach.  The primary flow is potential flow around 143 
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a sphere.  Barotropic and baroclinic vorticities are computed as secondary effects.  Davies-144 

Jones (2025b)  presents helicity calculations in the Davies-Jones (2008) axisymmetric 145 

numerical model of tornadogenesis. 146 

 147 

2. Governing equations 148 

In a non-rotating reference frame translating with a storm, the equations governing the 149 

motion, mass conservation, and entropy are 150 

𝐷𝐯
𝐷𝑡 = −𝑐𝑝𝜃∇𝜋 − ∇(𝑔𝑧) + 𝐆, (2.1) 151 

𝐷
𝐷𝑡

𝛼
𝛼0

= 𝛼
𝛼0

∇ ⋅ 𝐯, (2.2) 152 

𝐷𝜃
𝐷𝑡 = 1

𝑐𝑝𝜋
𝛿𝐻
𝛿𝑡 , (2.3) 153 

where 154 

ln𝜃 = (𝑐𝑣 𝑅⁄ )ln𝜋 + ln𝛼 + constant. (2.4) 155 

Here, t is time, D/Dt is the material derivative, v is the storm-relative wind vector, q is storm-156 

relative windspeed, q is potential temperature, , g (= 9.80 m s-2) is the acceleration due to 157 

gravity, z is height above ground, qL is the rain mixing ratio, G º F-gqLk where F is friction 158 

and -gqLk is the hydrometeor drag, a0 is the initial value of a parcel’s specific volume a, 159 

a/a0 is the dilatation, cp (=1006 m2 s-2 K-1) and cv (= 719 m2 s-2 K-1) are the specific heats of 160 

dry air at constant pressure and volume, R (= cp - cv) is the gas constant for dry air, k = R/cp, 161 

p0 = 1000 mb, p  = (p/p0)k is nondimensional pressure, and dH/dt is the rate that heat is added 162 

to a parcel per unit mass.  All quantities in this paper are storm relative.  When G º 0, we dub 163 

the motion ‘dragless’.  Equations (2.1)-(2.4) represent a closed system in the variables v, p, q 164 

and a.  Related variables are temperature T, specific entropy S, the specific static energy s, 165 

and the Bernoulli function B.  These are defined by 166 

𝑇 ≡ 𝜋𝜃, (2.5) 167 

𝑆 ≡ 𝑐𝑝ln𝜃 + constant, (2.6) 168 

𝜎 ≡ 𝑐𝑝𝑇 + 𝑔𝑧, (2.7) 169 



File generated with AMS Word template 2.0 7 

𝐵 ≡ 𝜎 + 𝑞2 2.⁄ (2.8) 170 

Where the static energy is the sum of enthalpy and potential energy.  The vorticity is 171 

𝛚 = ∇ × 𝐯. (2.9) 172 

For convenience we define the vector 173 

𝐰 ≡ 𝛼
𝛼0

𝛚 (2.10) 174 

(not to be confused with the scalar w, which is used for vertical velocity).  175 

Using (2.5 and 2.7) and a vector identity we can rewrite (2.1) as 176 

𝐷𝐯
𝐷𝑡 ≡

𝜕𝐯
𝜕𝜏 = 𝜕𝐯

𝜕𝑡 + (𝐯 ⋅ ∇)𝐯 = 𝜕𝐯
𝜕𝑡 + ∇

𝑞2

2 − 𝐯 × 𝛚 = −∇𝜎 + 𝜋𝑐𝑝∇𝜃 + 𝐆, (2.11) 177 

where v´w is the Lamb vector.  Taking the curl of (2.1) or (2.11) and utilizing (2.2) yields the 178 

vorticity equation 179 

𝐷𝐰
𝐷𝑡 = (𝐰 ⋅ ∇)𝐯 + 𝛼

𝛼0
(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆) (2.12) 180 

where Ñ´G º Ñ´F -gÑqL´k.  In the special case of Boussinesq flow with Fickian diffusion, 181 

the divergence of (2.11) yields a diagnostic equation for B (Adrian 1982), namely 182 

−∇ ∙ ∇(𝐵 + 𝑔𝑞𝐿𝐤) = −∇ ∙ (𝐯 × 𝛚). (2.13) 183 

For future use, we make the following definitions.  The unit vectors i, j, k form a Cartesian 184 

orthonormal set of basis vectors with i eastward, j northward, and k vertically upward.  The 185 

position vector and wind in these Eulerian coordinates are x = xi +yj + zk and v = ui + vj + 186 

wk.  The Lagrangian coordinates of a parcel are (X, Y, Z, t) or (X1, X2, X3, t) in tensor 187 

notation where t is the time and X = Xi  + Yj + Zk is the parcel’s position vector at the initial 188 

time t0 (or t0).  Subscript 0 denotes initial quantities.  The material derivative is D/Dt in 189 

Eulerian coordinates and ¶/¶t in Lagrangian coordinates.   190 

 191 

3. Formula for the helicity of moving parcels 192 

We now derive the governing equation for the parcel helicity h º (a/a0)w•v = w•v. 193 

Via the product rule for derivatives, 194 
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𝐷ℎ
𝐷𝑡 ≡

𝐷
𝐷𝑡 (𝐰 ⋅ 𝐯) = 𝐰 ⋅ 𝐷𝐯𝐷𝑡 + 𝐯 ⋅ 𝐷𝐰𝐷𝑡 . (3.1) 195 

Introducing the vorticity equation (2.12) and the equation of motion (2.11) produces the 196 

parcel-helicity equation, 197 

𝐷ℎ
𝐷𝑡 = 𝐯 ⋅ (𝐰 ⋅ ∇)𝐯 + 𝐰 ⋅ (−∇𝜎 + 𝜋𝑐𝑝∇𝜃 + 𝐆) + 𝐯 ⋅ 𝛼𝛼0

(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆) 198 

= 𝐰 ⋅ ∇(
𝑞2

2 − 𝜎) + 𝐰 ⋅ (𝜋𝑐𝑝∇𝜃 + 𝐆) + 𝛼
𝛼0

𝐯 ⋅ (∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆) (3.2) 199 

where we have used a vector identity.  Lilly (1986) derived a less general version of (3.2). 200 

When the motion is dragless (G º 0) and isentropic (Dq/Dt º 0), (3.2) has an integral that 201 

is derived here via a partly Eulerian proof.  A more direct Lagrangian derivation is presented 202 

in section 5.  We prove in appendix A that the potential vorticity (PV), of a parcel in 203 

isentropic motion is conserved.  To proceed, we need some definitions.  Let 204 

𝐷Φ𝐷𝑡⁄ = 𝑞2 2 −⁄ 𝜎 = 𝑞2 − 𝐵,
Φ = 0 at 𝑡 = 𝑡0. (3.3)

 205 

where DF/Dt is the parcel’s specific kinetic energy minus its static energy or, alternatively, 206 

the parcel’s speed squared minus its Bernoulli function, B º q2/2 + s.  Let P be the 207 

cumulative (time-integrated) non-dimensional pressure where 208 

𝐷Π𝐷𝑡⁄ = 𝜋,Π = 0 at 𝑡 = 𝑡0. (3.4) 209 

We can compute F and P by integrating (3.3) and (3.4) along characteristics (i.e., 210 

trajectories).  We also define 211 

𝐯BT ≡ 𝑢0∇𝑋 + 𝑣0∇𝑌 + 𝑤0∇𝑍, 212 

𝐯Φ ≡ ∇Φ,  𝐯BC ≡ Π𝑐𝑝∇𝜃. (3.5) 213 

By applying the identity (A5) to (3.5), and using (3.3) and (3.4), we get 214 

𝐷
𝐷𝑡 (𝐰 ∙ 𝐯Φ) ≡

𝐷
𝐷𝑡 (𝐰 ∙ ∇Φ) = 𝐰 ⋅ ∇(

𝑞2

2 − 𝜎) + 𝐯Φ ∙
𝛼
𝛼0

(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆), (3.6) 215 

𝐷
𝐷𝑡 (𝐰 ∙ 𝐯BT) ≡

𝐷
𝐷𝑡 [𝐰 ∙ (𝑢0∇𝑋 + 𝑣0∇𝑌 + 𝑤0∇𝑍)] 216 

= 𝐯BT ∙
𝛼
𝛼0

(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆), (3.7) 217 
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𝐷
𝐷𝑡 (𝐰 ∙ 𝐯BC) ≡

𝐷
𝐷𝑡 (𝐰 ∙Π𝑐𝑝∇𝜃) = 𝐰 ⋅ (𝜋𝑐𝑝∇𝜃 + Π𝑐𝑝∇

𝐷𝜃
𝐷𝑡)

+𝐯BC ∙
𝛼
𝛼0

(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆), (3.8)
 218 

since X, Y, Z, u0, v0 and w0 are constants of the motion.  Subtracting (3.6), (3.7) and (3.8) 219 

from (3.2) yields 220 

𝐷
𝐷𝑡 [ℎ −𝐰 ⋅ (𝐯Φ + 𝐯BT + 𝐯BC)] = 𝐰 ⋅ (𝐆 − Π𝑐𝑝∇

𝐷𝜃
𝐷𝑡) 221 

+(𝐯 − 𝐯Φ − 𝐯BT − 𝐯BC) ⋅ 𝛼𝛼0
(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆). (3.9) 224 

To obtain an integral of the helicity equation, we assume that a parcel of interest, P, and its 222 

surroundings are in dry isentropic frictionless motion, so 223 

𝜃 = 𝜃(𝑋 ,𝑌 ,𝑍) (3.10) 225 

and G = 0.  There is no need to stipulate that the entire flow be isentropic and frictionless.  In 226 

this case, Dutton (1976, p. 388), Mobbs (1981, 1982), Davies-Jones (2015b) and DJ22 227 

showed that 228 

𝐯 = 𝐯BT + 𝐯Φ + 𝐯BC. (3.11) 229 

In this decomposition of v, which we prove in section 5 for the reader’s benefit, vBT is a 230 

‘barotropic velocity’ that depends on initial conditions, vF is an irrotational F-dependent 231 

velocity, and vBC is a ‘baroclinic velocity’ that depends on entropy gradient and accumulated 232 

pressure.  The latter two velocities are both zero initially.  From the curls of (3.5) and (3.11), 233 

w decomposes into barotropic vorticity, wBT, and baroclinic vorticity, wBC.  Specifically, 234 

𝛚 = 𝛚BT + 𝛚BC, 235 

𝛚BT = ∇𝑢0 × ∇𝑋 + ∇𝑣0 × ∇𝑌 + ∇𝑤0 × ∇𝑍, 236 

𝛚BC = ∇Π × 𝑐𝑝∇𝜃. (3.12) 237 

By (3.12) the baroclinic vortex lines are tangent to the isentropic surfaces.  In aerodynamical 238 

language (Milne-Thompson 1973, pp. 167-168), vBT and vBC are the velocities induced (not 239 

caused) by wBT and wBC, respectively, while vF is the residual irrotational flow (not induced 240 

by any vorticity).  We also define wBT º (a/a0)wBT and wBC º (a/a0)wBC. 241 

From (3.5) and (3.12), the helicity of a parcel in dry inviscid isentropic motion is 242 

ℎ = (𝐰BT + 𝐰BC) ∙ (𝐯BT + 𝐯Φ + 𝐯BC) (3.13) 243 
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Initially wBC, vF and vBC are zero, so the initial helicity 244 

ℎ0 = (𝐰BT ∙ 𝐯BT)0. (3.14) 245 

From (3.5) and (3.12) and use of Jacobian notation (Hildebrand, 1962, p. 344), 246 

𝐰BT ∙ 𝐯BT = 𝛼
𝛼0

(∇𝑢0 × ∇𝑋 + ∇𝑣0 × ∇𝑌 + ∇𝑤0 × ∇𝑍) ∙ (𝑢0∇𝑋 + 𝑣0∇𝑌 + 𝑤0∇𝑍)  247 

= 𝛼
𝛼0

𝑢0 [
𝜕(𝑤0,𝑍,𝑋)
𝜕(𝑥, 𝑦, 𝑧)

−
𝜕(𝑣0,𝑋 ,𝑌 )
𝜕(𝑥, 𝑦, 𝑧)

] + 𝛼
𝛼0

𝑣0 [
𝜕(𝑢0,𝑋 ,𝑌 )
𝜕(𝑥, 𝑦, 𝑧)

−
𝜕(𝑤0,𝑌 ,𝑍)
𝜕(𝑥, 𝑦, 𝑧)

]

+ 𝛼
𝛼0

𝑤0 [
𝜕(𝑣0,𝑌 ,𝑍)
𝜕(𝑥, 𝑦, 𝑧)

−
𝜕(𝑢0,𝑍,𝑋)
𝜕(𝑥, 𝑦, 𝑧)

] . (3.15)
 248 

The Lagrangian continuity equation is  249 

𝛼
𝛼0

=
𝜕(𝑥, 𝑦, 𝑧)
𝜕(𝑋 ,𝑌 ,𝑍)

. (3.16) 250 

from Salmon (1998, p. 6).  By (3.16) and properties of the Jacobian,  251 

𝛼
𝛼0

𝜕(𝑤0,𝑍,𝑋)
𝜕(𝑥, 𝑦, 𝑧)

=
𝜕(𝑤0,𝑍,𝑋)
𝜕(𝑥, 𝑦, 𝑧)

𝜕(𝑥, 𝑦, 𝑧)
𝜕(𝑋 ,𝑌 ,𝑍)

=
𝜕(𝑤0,𝑍,𝑋)
𝜕(𝑋 ,𝑌 ,𝑍)

, etc. (3.17) 252 

After applying (3.17) to (3.15), we obtain 253 

𝐰BT ∙ 𝐯BT = 𝑢0 (
𝜕𝑤0

𝜕𝑌 −
𝜕𝑣0
𝜕𝑍 ) + 𝑣0 (

𝜕𝑢0
𝜕𝑍 −

𝜕𝑤0

𝜕𝑋 ) + 𝑤0 (
𝜕𝑣0
𝜕𝑋 −

𝜕𝑢0
𝜕𝑌 ) = ℎ0. (3.18) 254 

Thus,  255 

𝐰BT ∙ 𝐯BT = ℎ0. (3.19) 256 

Other terms in (3.13) also simplify.  From (3.5) and (3.12), 257 

𝐰BC ⋅ 𝐯BC = 𝛼
𝛼0

∇Π × 𝑐𝑝∇𝜃 ⋅ Π𝑐𝑝∇𝜃 = 0, (3.20) 258 

which states that the baroclinic velocity is normal to the baroclinic vorticity.  This is 259 

exemplified by a density current that propagates perpendicular to its roll cloud.  With (3.19) 260 

and (3.20), (3.13) becomes 261 

ℎ = ℎ0 + 𝐰BT ∙ 𝐯Φ + 𝐰BC ∙ 𝐯Φ + 𝐰BC ∙ 𝐯BT + 𝐰BT ∙ 𝐯BC. (3.21) 262 

If the flow under consideration has zero PV, 263 

𝐰 ⋅ 𝐯BC = Π𝑐𝑝𝐰 ⋅ ∇𝜃 = 0 (3.22) 264 

from (3.5), and, by subtraction of (3.20) from (3.22), 265 
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𝐰BT ⋅ 𝐯BC = Π𝑐𝑝𝐰BT ⋅ ∇𝜃 = 0. (3.23) 266 

Therefore, by (3.20) and (3.23), the barotropic and the baroclinic vortex lines both lie in the 267 

isentropic surfaces of a zero PV flow.  For inviscid isentropic motion with zero PV, (3.21) 268 

reduces to 269 

ℎ = ℎ0 + 𝐰BT ∙ ∇Φ + 𝐰BC ∙ 𝐯 (3.24) 270 

via (3.19), (3.20), (3.23), (3.11), and (3.5).  For inviscid, homentropic (constant q) motion, 271 

(3.24) is simply 272 

ℎ −𝐰BT ∙ ∇Φ = ℎ0 (3.25) 273 

so h - wBT•ÑF is a constant of this motion.  Appendix B verifies (3.25) for an unsteady 274 

Rankine combined vortex. 275 

In summary, (3.21) is the integral of (3.2) for parcels in dry, frictionless, isentropic 276 

motion.  It suggests an important role for vF º ÑF in tornadogenesis that is invisible to the 277 

customary supercell diagnostics that trace the evolution of material circulation (e.g., Rotunno 278 

and Klemp 1985, Davies-Jones and Brooks 1993).  Circulation analyses fail to uncover its 279 

significance because the circulation around a closed circuit is unaffected by any path-280 

independent vector field (Davies-Jones and Markowski 2021). 281 

 282 

4. Review of non-orthogonal coordinate systems 283 

We briefly review some properties of nonorthogonal coordinates (Margenau and Murphy 284 

1956, pp. 192-197) as they relate to Lagrangian coordinates in a fluid dynamical context.  285 

The Jacobian matrix of the transformation T º x(X, t) from Lagrangian to Eulerian 286 

coordinates is 287 

𝐉 ≡ [
𝜕𝑥 𝜕⁄ 𝑋 𝜕𝑥 𝜕𝑌⁄ 𝜕𝑥 𝜕𝑍⁄
𝜕𝑦 𝜕𝑋⁄ 𝜕𝑦 𝜕𝑌⁄ 𝜕𝑦 𝜕𝑍⁄
𝜕𝑧 𝜕𝑋⁄ 𝜕𝑧 𝜕𝑌⁄ 𝜕𝑧 𝜕⁄ 𝑍

] (4.1) 288 

and the inverse transformation is 289 

𝐉−𝟏 ≡ [
𝜕𝑋 𝜕𝑥⁄ 𝜕𝑋 𝜕𝑦⁄ 𝜕𝑋 𝜕𝑧⁄
𝜕𝑌 𝜕𝑥⁄ 𝜕𝑌 𝜕𝑦⁄ 𝜕𝑌 𝜕𝑧⁄
𝜕𝑍 𝜕⁄ 𝑥 𝜕𝑍 𝜕𝑦⁄ 𝜕𝑍 𝜕𝑧⁄

] . (4.2) 290 
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The column vectors of J are the covariant basis vectors e1 = ¶x/¶X, e2 = ¶x/¶Y, e3 = ¶x/¶Z.  291 

These are tangential to the X-, Y- and Z-coordinate curves.  A parcel’s e1 and e2 vectors are 292 

tangent to its Z-surface while its e3 vector is initially normal to it and thereafter generally 293 

oblique to it.  The contravariant basis vectors e1, e2, e3, are reciprocal to e1, e2, e3 and vice 294 

versa so 295 

𝐞1 = 𝐞2 × 𝐞3 det⁄ 𝐉, 𝐞2 = 𝐞3 × 𝐞1 det⁄ 𝐉, 𝐞3 = 𝐞1 × 𝐞2 det⁄ 𝐉, 296 

𝐞1 = 𝐞2 × 𝐞3 det⁄ 𝐉, 𝐞2 = 𝐞3 × 𝐞1 det⁄ 𝐉, 𝐞𝟑 = 𝐞1 × 𝐞2 det⁄ 𝐉, (4.3) 297 

where, by the properties of determinants, 298 

1
det𝐉−1 = det𝐉 =

∂(𝑥, 𝑦, 𝑧)
∂(𝑋 ,𝑌 ,𝑍)

= 𝐞3 ⋅ 𝐞1 × 𝐞2, 299 

det𝐉−1 =
∂(𝑋 ,𝑌 ,𝑍)
∂(𝑥, 𝑦, 𝑧)

= 𝐞3 ⋅ 𝐞1 × 𝐞2. (4.4) 300 

By (4.3) and the properties of Jacobians (Margenau and Murphy 1956, pp. 19-20), 301 

𝐞𝟏 = ∂(𝑋 ,𝑌 ,𝑍)
∂(𝑥, 𝑦, 𝑧)

𝜕𝐱
𝜕𝑌 × 𝜕𝐱

𝜕𝑍 = ∂(𝑋 ,𝑌 ,𝑍)
∂(𝑥, 𝑦, 𝑧)

[
𝜕(𝑦, 𝑧)
𝜕(𝑌 ,𝑍)

𝐢 + 𝜕(𝑧,𝑥)
𝜕(𝑌 ,𝑍)

𝐣 +
𝜕(𝑥, 𝑦)
𝜕(𝑌 ,𝑍)

𝐤] 302 

=
∂(𝑋 ,𝑌 ,𝑍)
∂(𝑥, 𝑦, 𝑧)

[
𝜕(𝑥, 𝑦, 𝑧)
𝜕(𝑥,𝑌 ,𝑍)

𝐢 +
𝜕(𝑦, 𝑧,𝑥)
𝜕(𝑦,𝑌 ,𝑍)

𝐣 +
𝜕(𝑧,𝑥, 𝑦)
𝜕(𝑧,𝑌 ,𝑍)

𝐤] = 𝜕𝑋
𝜕𝑥 𝐢 + 𝜕𝑋

𝜕𝑦 𝐣 + 𝜕𝑋
𝜕𝑧 𝐤 = ∇𝑋 , 303 

𝐞𝟐 = ∇𝑌 , 𝐞𝟑 = ∇𝑍, (4.5) 304 

as obtained by DJ22.  Thus, the contravariant basis vectors are the row vectors of J-1.  Also, 305 

the e1, e2 and e3 vectors are normal vectors, i.e., normal to their X-, Y-, and Z-surfaces, 306 

respectively.  Since J J-1 = I, the 3x3 unit matrix, 307 

𝐞𝑖∇𝑋𝑗 = 𝛿𝑖
𝑗 (4.6) 308 

where d ij is the Kronecker delta.  The Lagrangian continuity equation (3.16) implies that  309 

det𝐉 =
∂(𝑥, 𝑦, 𝑧)
∂(𝑋 ,𝑌 ,𝑍)

= 𝐞1 × 𝐞2 ⋅ 𝐞3 = 𝛼
𝛼𝟎

(4.7) 310 

(Lamb 1945, article 14; Salmon 1998, p. 6).  The inverse of (4.7) is 311 

𝛼0
𝛼 =

∂(𝑋 ,𝑌 ,𝑍)
∂(𝑥, 𝑦, 𝑧)

= ∇𝑋 × ∇𝑌 ⋅ ∇𝑍 = 𝐞1 × 𝐞2 ⋅ 𝐞3. (4.8) 312 

For later reference, we note that (4.3), (4.5) and (4.8) imply that 313 

𝐞1 = 𝛼
𝛼𝟎

∇𝑌 × ∇𝑍, 𝐞2 = 𝛼
𝛼𝟎

∇𝑍 × ∇𝑋 , 𝐞3 = 𝛼
𝛼𝟎

∇𝑋 × ∇𝑌 . (4.9) 314 
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 A generic vector A can be expressed as 315 

𝐀 = 𝐴1𝐞1 + 𝐴2𝐞2 + 𝐴3𝐞3 
or 𝐀 = 𝐴1𝐞1 + 𝐴2𝐞2 + 𝐴3𝐞3 (4.10)

 316 

where 317 

𝐴𝑖 = 𝐀 ⋅ 𝐞𝑖 (4.11) 318 

are the contravariant components, and 319 

𝐴𝑖 = 𝐀 ⋅ 𝐞𝑖 (4.12) 320 

are the covariant components of A.  The scalar product of two vectors A and B is 321 

𝐀 ∙ 𝐁 = 𝐴𝑖𝐞𝑖∇𝑋𝑗𝐵𝑗 = 𝐴𝑖𝐵𝑗 . (4.13) 322 

By the chain rule and (4.5), the gradient operator 323 

∇= ∇𝑋 𝜕
𝜕𝑋 + ∇𝑌 𝜕

𝜕𝑌 + ∇𝑍 𝜕
𝜕𝑍 . (4.14) 324 

The curl formula in non-orthogonal coordinates is obtained as follows (DJ22).  From (4.5), 325 

(4.10), (4.8) and (4.9), 326 

∇ ×𝐀 ≡ ∇ × (𝐴𝑘∇𝑋𝑘) =
𝜕𝐴𝑘

𝜕𝑋𝑗 ∇𝑋
𝑗 × ∇𝑋𝑘 327 

=
𝛼0
𝛼 (

𝜕𝐴3

𝜕𝑌 −
𝜕𝐴2
𝜕𝑍 ) 𝐞1 +

𝛼0
𝛼 (

𝜕𝐴1
𝜕𝑍 −

𝜕𝐴3

𝜕𝑋 ) 𝐞2 +
𝛼0
𝛼 (

𝜕𝐴2
𝜕𝑋 −

𝜕𝐴1
𝜕𝑌 ) 𝐞3. (4.15) 328 

Substituting aÑj for A in (4.15) yields 329 

𝛼
𝛼0

∇𝑎 × ∇𝜑 ≡
∂(𝑎,𝜑)
∂(𝑌 ,𝑍)

𝐞1 +
∂(𝑎,𝜑)
∂(𝑍,𝑋)

𝐞2 +
∂(𝑎,𝜑)
∂(𝑋 ,𝑌)

𝐞3. (4.16) 330 

for the vector product of two gradients.  By the scalar product of (4.16) with ÑQ and use of 331 

(4.13), 332 

𝛼
𝛼0

∇Θ ∙ ∇𝑎 × ∇𝜑 ≡
∂(𝑥, 𝑦, 𝑧)
∂(𝑋 ,𝑌 ,𝑍)

∂(𝜗, 𝑎,𝜑)
∂(𝑥, 𝑦, 𝑧)

=
∂(𝜗, 𝑎,𝜑)
∂(𝑋 ,𝑌 ,𝑍)

= ∇̂Θ ∙ ∇̂𝑎 × ∇̂𝜑. (4.17) 333 

where 334 

∇̂≡ 𝐢 𝜕
𝜕𝑋 + 𝐣 𝜕𝜕𝑌 + 𝐤 𝜕

𝜕𝑍 . (4.18) 335 
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defines the gradient operator in XYZ-space.  Eq. (4.17) provides the conversion of the scalar 336 

triple product of three gradients between xyz-space and XYZ-space.  337 

 338 

5. Formulas for parcel velocity, vorticity and helicity 339 

In this section we use Lagrangian coordinates to prove the velocity formula (3.5) for a 340 

parcel, P, that is in dry isentropic frictionless motion.  Formulas for parcel vorticity and 341 

helicity follow from this expression. 342 

The first step consists of pre-multiplying the frictionless equation of motion by JT, the 343 

transpose of J (subscript T denotes transpose). This yields the Lagrangian equation of motion 344 

(Lamb 1945, article 13) 345 

[
𝜕𝑥 𝜕⁄ 𝑋 𝜕𝑦 𝜕⁄ 𝑋 𝜕𝑧 𝜕⁄ 𝑋
𝜕𝑥 𝜕⁄ 𝑌 𝜕𝑦 𝜕⁄ 𝑌 𝜕𝑧 𝜕⁄ 𝑌
𝜕𝑥 𝜕⁄ 𝑍 𝜕𝑦 𝜕⁄ 𝑍 𝜕𝑧 𝜕⁄ 𝑍

][
𝜕𝑢 𝜕𝜏⁄
𝜕𝑣 𝜕𝜏⁄
𝜕𝑤 𝜕𝜏⁄

] 346 

= [
𝜕𝑥 𝜕⁄ 𝑋 𝜕𝑦 𝜕⁄ 𝑋 𝜕𝑧 𝜕⁄ 𝑋
𝜕𝑥 𝜕⁄ 𝑌 𝜕𝑦 𝜕⁄ 𝑌 𝜕𝑧 𝜕⁄ 𝑌
𝜕𝑥 𝜕⁄ 𝑍 𝜕𝑦 𝜕⁄ 𝑍 𝜕𝑧 𝜕⁄ 𝑍

][
−𝜕𝜎 𝜕𝑥⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑥⁄
−𝜕𝜎 𝜕𝑦⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑦⁄
−𝜕𝜎 𝜕𝑧⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑧⁄

] 347 

= [
−𝜕𝜎 𝜕𝑋⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑋⁄
−𝜕𝜎 𝜕𝑌⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑌⁄
−𝜕𝜎 𝜕𝑍⁄ + 𝑐𝑝𝜋𝜕𝜃 𝜕𝑍⁄

] (5.1) 348 

by the chain rule.  We see that ∇̂𝑥, ∇̂𝑦 and ∇̂𝑧 are the column vectors of JT.  Hence, we can 349 

write (5.1) as 350 

∇̂𝑥 𝜕𝑢𝜕𝜏 + ∇̂𝑦 𝜕𝑣𝜕𝜏 + ∇̂𝑧 𝜕𝑤𝜕𝜏 = −∇̂𝜎 + 𝜋𝑐𝑝∇̂𝜃. (5.2) 351 

Note that 352 

∇̂𝑥 𝜕𝑢𝜕𝜏 + ∇̂𝑦 𝜕𝑣𝜕𝜏 + ∇̂𝑧 𝜕𝑤𝜕𝜏 = 𝜕
𝜕𝜏 (𝑢∇̂𝑥 + 𝑣∇̂𝑦 + 𝑤∇̂𝑧) − 𝑢∇̂ 𝜕𝑥

𝜕𝜏 − 𝑣∇̂
𝜕𝑦
𝜕𝜏 − 𝑤∇̂ 𝜕𝑧

𝜕𝜏 353 

= 𝜕
𝜕𝜏 (𝑢∇̂𝑥 + 𝑣∇̂𝑦 + 𝑤∇̂𝑧) − ∇̂

𝑞2

2 (5.3) 354 

since ¶x/¶t = u, etc.  Introducing (5.3) into (5.2) produces 355 

𝜕
𝜕𝜏 (𝑢∇̂𝑥 + 𝑣∇̂𝑦 + 𝑤∇̂𝑧) = ∇̂ (

𝑞2

2 − 𝜎) + 𝜋𝑐𝑝∇̂𝜃. (5.4) 356 
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In terms of the potential F and the cumulative (time-integrated) non-dimensional pressure P, 357 

we can write (5.4) as 358 

𝜕
𝜕𝜏 (𝑢∇̂𝑥 + 𝑣∇̂𝑦 + 𝑤∇̂𝑧) = 𝜕

𝜕𝜏 (∇̂Φ + Π𝑐𝑝∇̂𝜃) (5.5) 359 

since ∇̂𝜃 is a constant of the motion.  By integrating (5.5) from the initial time t0 to the 360 

current time t and applying initial conditions, we obtain 361 

𝑢∇̂𝑥 + 𝑣∇̂𝑦 + 𝑤∇̂𝑧 − 𝐯0 = ∇̂Φ + Π𝑐𝑝∇̂𝜃 (5.6) 362 

where 363 

Φ(𝜏) = ∫ [
𝑞2(𝜏′)

2 − 𝜎(𝜏′)] 𝑑𝜏′
𝜏

𝜏′=𝜏0

(5.7) 364 

and  365 

Π(𝜏) = ∫ 𝜋(𝜏′)𝑑𝜏′
𝜏

𝜏0

(5.8) 366 

in terms of Lagrangian integrals (following a parcel).  This is Weber’s transformation (Lamb 367 

1945, article 15) as generalized by Serrin (1959), Dutton (1976, p. 388) and Davies-Jones 368 

(2015b). 369 

To obtain an explicit formula for a parcel’s current velocity, we follow Dutton (1976, p. 370 

388) by pre-multiplying (5.6) by (JT)-1.  The column vectors of (JT)-1 are ÑX, ÑY and ÑZ.  371 

The following identities apply.  For any differentiable scalars a and j, 372 

(𝐉T)−1𝑎∇̂𝜑 = [
𝜕𝑋 𝜕⁄ 𝑥 𝜕𝑌 𝜕⁄ 𝑥 𝜕𝑍 𝜕⁄ 𝑥
𝜕𝑋 𝜕⁄ 𝑦 𝜕𝑌 𝜕⁄ 𝑦 𝜕𝑍 𝜕⁄ 𝑦
𝜕𝑋 𝜕⁄ 𝑧 𝜕𝑌 𝜕⁄ 𝑧 𝜕𝑍 𝜕⁄ 𝑧

][
𝑎 𝜕𝜑 𝜕𝑋⁄
𝑎 𝜕𝜑 𝜕𝑌⁄
𝑎 𝜕𝜑 𝜕𝑍⁄

] 373 

= [
𝑎 𝜕𝜑 𝜕𝑥⁄
𝑎 𝜕𝜑 𝜕𝑦⁄
𝑎 𝜕𝜑 𝜕𝑧⁄

] = 𝑎∇𝜑 = 𝑎
𝜕𝜑
𝜕𝑋 ∇𝑋 + 𝑎

𝜕𝜑
𝜕𝑌 ∇𝑌 + 𝑎

𝜕𝜑
𝜕𝑍 ∇𝑍 (5.9) 374 

by the chain rule and (4.14).  For any vector A º Ai + Bj + Ck, 375 

(𝐉T)−1𝐀 = 𝐴∇𝑋 + 𝐵∇Y + 𝐶∇𝑍 (5.10) 376 

by the chain rule.  Thus, the result of premultiplying (5.6) by (JT)-1 is 377 

𝐯(𝜏) = (𝑢0 + 𝜕Φ
𝜕𝑋 + Π𝑐𝑝

𝜕𝜃
𝜕𝑋)∇X + (𝑣0 + 𝜕Φ

𝜕𝑌 + Π𝑐𝑝
𝜕𝜃
𝜕𝑌)∇Y 378 
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+ (𝑤0 + 𝜕Φ
𝜕𝑍 + Π𝑐𝑝

𝜕𝜃
𝜕𝑍)∇𝑍 (5.11) 379 

after using (4.14).  The coefficients of ÑX, ÑY and ÑZ are the covariant wind components.  380 

The formula for v is partly implicit because the potential F contains the windspeed squared 381 

in its integrand in (5.7).  Since (5.11) is (3.5) and (3.11) expanded via the chain rule, we have 382 

proven (3.5) and (3.11).  Note that in (5.11) the terms involving F and q comprise vF and 383 

vBC, respectively, and the remaining terms compose vBT.  384 

Applying (4.15) to the wind formula (5.11) gives us the w-formula, 385 

𝐰(𝜏) = [
𝜕𝑤0

𝜕𝑌 −
𝜕𝑣0
𝜕𝑍 +

∂(Π, 𝑐𝑝𝜃)
∂(𝑌 ,𝑍)

] 𝐞1 + [
𝜕𝑢0
𝜕𝑍 −

𝜕𝑤0

𝜕𝑋 +
∂(Π, 𝑐𝑝𝜃)
∂(𝑍,𝑋)

] 𝐞2 386 

+ [
𝜕𝑣0
𝜕𝑋 −

𝜕𝑢0
𝜕𝑌 +

∂(Π, 𝑐𝑝𝜃)
∂(𝑋 ,𝑌) ]

𝐞3, (5.12) 387 

where the coefficients of the ei are the contravariant components of w.  Using (4.16) in (3.12) 388 

obtains the same result.  The terms involving q constitute the baroclinic vorticity and the 389 

remaining terms comprise the baroclinic vorticity. 390 

The scalar product of (5.11) and (5.12) yields the parcel-helicity formula, 391 

ℎ(𝜏) = [
𝜕𝑤0

𝜕𝑌 −
𝜕𝑣0
𝜕𝑍 +

∂(Π, 𝑐𝑝𝜃)
∂(𝑌 ,𝑍)

] 𝐞1 ∙ ∇𝑋 (𝑢0 + 𝜕Φ
𝜕𝑋 + Π𝑐𝑝

𝜕𝜃
𝜕𝑋) 392 

+ [
𝜕𝑢0
𝜕𝑍 −

𝜕𝑤0

𝜕𝑋 +
∂(Π, 𝑐𝑝𝜃)
∂(𝑍,𝑋)

] 𝐞2 ∙ ∇𝑌 (𝑣0 + 𝜕Φ
𝜕𝑌 + Π𝑐𝑝

𝜕𝜃
𝜕𝑌) 393 

+ [
𝜕𝑣0
𝜕𝑋 −

𝜕𝑢0
𝜕𝑌 +

∂(Π, 𝑐𝑝𝜃)
∂(𝑋 ,𝑌) ]

𝐞3 ∙ ∇𝑍 (𝑤0 + 𝜕Φ
𝜕𝑍 + Π𝑐𝑝

𝜕𝜃
𝜕𝑍) , (5.13) 394 

where e1•ÑX = e2•ÑY = e3•ÑZ =1 by (4.6).  This is the integral of (3.2) for isentropic 395 

frictionless motion.  Note that (5.13) is simply an expanded form of (3.13).  More succinctly, 396 

ℎ(𝜏) = (𝛼 𝛼0⁄ )(𝑢0∇X + 𝑣0∇Y + 𝑤0∇𝑍 + ∇Φ + Π𝑐𝑝∇𝜃) ∙
(∇𝑢0 × ∇X + ∇𝑣0 × ∇Y + ∇𝑤0 × ∇𝑍 + ∇Π × 𝑐𝑝∇𝜃) (5.14)

 397 

where the second and third bracketed expressions on the right side are v(t) and w(t), 398 

respectively.   399 

We now verify (5.14) by recovering (3.2) when G º 0.  Using the triple-product identity 400 

(4.17) yields 401 
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ℎ(𝜏) = (𝑢0∇̂X + 𝑣0∇̂Y + 𝑤0∇̂𝑍 + ∇̂Φ + Π𝑐𝑝∇̂𝜃) ∙ 402 

(∇̂𝑢0 × ∇̂X + ∇̂𝑣0 × ∇̂Y + ∇̂𝑤0 × ∇̂𝑍 + ∇̂Π × 𝑐𝑝∇̂𝜃). (5.15) 403 

Differentiating (5.15) gives 404 

𝜕ℎ
𝜕𝜏 = (∇̂𝑢0 × ∇̂X + ∇̂𝑣0 × ∇̂Y + ∇̂𝑤0 × ∇̂𝑍 + ∇̂Π × 𝑐𝑝∇̂𝜃) ∙ (∇̂

𝜕Φ
𝜕𝜏 + π𝑐𝑝∇̂𝜃) 405 

+∇̂π × 𝑐𝑝∇̂𝜃 ∙ (𝑢0∇̂X + 𝑣0∇̂Y + 𝑤0∇̂𝑍 + ∇̂Φ + Π𝑐𝑝∇̂𝜃). (5.16) 406 

Using (4.17) again provides 407 

𝜕ℎ
𝜕𝜏 = 𝐰 ∙ ∇𝜕Φ

𝜕𝜏 + 𝐰 ∙ π𝑐𝑝∇𝜃 + 𝛼
𝛼0

𝐯 ∙ ∇π × 𝑐𝑝∇𝜃, (5.17) 408 

which is (3.2) with G º 0. 409 

 410 

6. Isentropic motion in a horizontally uniform, constant environment 411 

 We can simplify the formulas for unsteady isentropic motion if we stipulate a horizontally 412 

uniform, constant environment at upstream infinity so that w0 = 0 and u0, v0, and other 413 

environmental variables are functions of just Z.  We assume that all the parcels currently in 414 

the storm were initially in the environment so subscript 0 now indicates environmental value 415 

as well as initial value.  Initially the covariant and contravariant bases are orthonormal and 416 

coincident.  Since no heat is transferred to or from a parcel, q is a function of Z alone.  The 417 

PV is zero initially and remains zero (see appendix A).  In this case, (3.5) and (3.11) reduce 418 

to 419 

𝐯 = 𝑢0∇𝑋 + 𝑣0∇𝑌 + ∇Φ + Π𝑐𝑝∇𝜃. (6.1) 420 

Physical interpretation of (6.1) is complicated by the fact that the contravariant basis vectors, 421 

ÑX and ÑY are not generally tangential to the Z-surface (ÑZ is of course always normal to 422 

this surface). 423 

We now twist the Lagrangian coordinate system so that in each Z-surface the s0-axis is in 424 

the storm-relative environmental wind direction b0(Z) and the n0-axis is 90° to the left of it 425 

(DJ17, DJ22).  The Z-axis is unchanged.  In the rotated Lagrangian system, n0 labels a 426 

streamline within a Z-surface, and s0 labels a parcel along its streamline.  The transformation 427 

from the (X, Y, Z) coordinates to the turned ones (s0, n0, Z) is 428 
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[
𝑠0
𝑛0
𝑍
] = [

cos𝛽0 sin𝛽0 0
−sin𝛽0 cos𝛽0 0

0 0 1
] [

𝑋
𝑌
𝑍
] (6.2) 429 

where the square matrix is a rotation matrix R.  [In DJ22, s0 and n0 were named 𝑋* and 𝑌*.]  430 

The inverse of R is its transpose, and its determinant is 1.  The storm-relative environmental 431 

wind components in the original and twisted Lagrangian systems are related by 432 

[
𝑢0
𝑣0
0
] = 𝑞0 [

cos𝛽0
sin𝛽0

0
] (6.3) 433 

where q0(Z) is the storm-relative environmental windspeed.  By the chain rule,  434 

∇= ∇𝑠0
𝜕
𝜕𝑠0

+ ∇𝑛0
𝜕
𝜕𝑛0

+ ∇𝑍 𝜕
𝜕𝑍 (6.4) 435 

and by (6.2), 436 

∇𝑋 = ∇𝑠0cos𝛽0 − ∇𝑛0sin𝛽0 − (𝑠0sin𝛽0cos𝛽0 + 𝑛0cos2𝛽0)𝑞0(𝑑𝛽0 𝑑𝑍⁄ )∇𝑍, 437 

∇𝑌 = ∇𝑠0sin𝛽0 + ∇𝑛0cos𝛽0 + (𝑠0sin𝛽0cos𝛽0 − 𝑛0sin2𝛽0)𝑞0(𝑑𝛽0 𝑑𝑍⁄ )∇𝑍. (6.5) 438 

Hence from (6.1), (6.3), and (6.5), the velocity formula becomes 439 

𝐯 = 𝑞0∇𝑠0 + ∇Φ − 𝑛0𝑞0∇𝛽0 + Π𝑐𝑝∇𝜃
= ∇ϕ + 𝜒∇𝑍 (6.6)

 440 

where 441 

𝜙 ≡ 𝑞0𝑠0 + Φ, (6.7) 442 

𝜒 ≡ −
𝑑𝑞0
𝑑𝑍 𝑠0 − 𝑞0

𝑑𝛽0
𝑑𝑍 𝑛0 + 𝑐𝑝

𝑑𝜃
𝑑𝑍 Π. (6.8) 443 

Note that -q0db0/dZ and dq0/dZ are, respectively, the environmental streamwise and 444 

crosswise vorticity (DJ84).  Eq. (6.8) is equivalent to eq. 76 in DJ22.  From the curl of (6.6), 445 

𝛚 = ∇𝜒 × ∇𝑍 (6.9) 446 

so the vortex lines lie in the Z-surfaces and the contours of constant c within a Z-surface are 447 

the vortex lines.  The addition of q0s0 to F is equivalent to superimposing the potential of the 448 

environmental wind on the potential flow ÑF.  For example, Ñf could represent a 449 

combination of uniform flow and a potential vortex.  From (6.6) and (6.9), the parcel helicity 450 

ℎ ≡ 𝐯 ∙ 𝐰 = 𝐰 ∙ ∇𝜙 = 𝛼
𝛼0

∇𝜒 × ∇𝑍 ∙ ∇𝜙. (6.10) 451 
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We now verify that (6.10) is the integral of (3.2) in the special case of isentropic dragless 452 

motion in a horizontally uniform environment.  Note that 453 

𝐷𝜒
𝐷𝑡 = π𝑐𝑝

𝑑𝜃
𝑑𝑍 (6.11) 454 

from (6.8) and 455 

𝐷𝜙
𝐷𝑡 =

𝐷(𝑞0𝑠0 + Φ)
𝐷𝑡 = 𝑞2 2 −⁄ 𝜎 (6.12) 456 

via (3.3).  Taking the material derivative of (6.10) and introducing (2.12), (A2), (6.12) and 457 

(6.6) gives 458 

𝐷ℎ
𝐷𝑡 = ∇𝜙 ∙ 𝐷𝐰𝐷𝑡 + 𝐰 ∙ 𝐷

𝐷𝑡∇𝜙 459 

= ∇𝜙 ∙ (𝐰 ⋅ ∇)𝐯 + 𝛼
𝛼0

∇𝜙 ∙ ∇𝜋 × 𝑐𝑝
𝑑𝜃
𝑑𝑍 ∇𝑍 + 𝐰 ∙ ∇

𝐷𝜙
𝐷𝑡 − ∇𝜙 ∙ (𝐰 ⋅ ∇)𝐯 460 

= 𝐰 ∙ ∇(
𝑞2

2 − 𝜎) + 𝛼
𝛼0

𝐯 ∙ ∇𝜋 × ∇(𝑐𝑝𝜃), (6.13) 461 

which is (3.2). 462 

 463 

7. Steady isentropic flow with a horizontally uniform environment 464 

In this section, we use natural coordinates to show that the “river-bend effect” (Shapiro 465 

1972; Adlerman et al. 1999; Davies-Jones et al. 2001; DJ17, DJ22) is hidden in the first term 466 

on the right of (3.2).  To reveal this effect and to recover Scorer’s (1997) streamwise-vorticity 467 

equation, we assume the same flow is steady with a horizontally uniform environment.  468 

Because a steady, horizontally uniform environment is impossible with a friction force 469 

(Davies-Jones 2021), we again omit F.  Since PV is conserved and is zero in the 470 

environment, PV is zero everywhere.  Following Kuo (1966), we stipulate unstable 471 

stratification at low levels (dq /dZ < 0).  In our analysis, this is necessary for parcels with 472 

overall upward (downward) displacements to be warmer (cooler) than the environment at the 473 

same height. 474 

Steady processes should become relevant as thunderstorms mature into quasi-steady 475 

supercells.  Existence of a steady solution is important because it represents an equilibrium 476 

point in a phase space.  This fixed point may be associated with an attractor, a set of nearby 477 

points towards which the dynamical system evolves eventually, provided that the initial state 478 
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lies in the attractor’s basin of attraction.  Thus, an unsteady solution could characterize a 479 

cyclic supercell if it ends up orbiting the equilibrium point. 480 

Assuming steady isentropic flow with a horizontally uniform environment leads to major 481 

simplifications.  As in the unsteady case (section 6), zero PV stipulates that the vortex lines 482 

lie in the isentropic surfaces.  The trajectories are now streamlines that lie in the isentropic 483 

surfaces because v•Ñq = 0.  Hence, the osculating planes are tangent to the Z-surfaces. 484 

We begin by deriving expressions for streamwise vorticity and abnormality in natural 485 

coordinates (DJ17).  At any instant, let t be the unit vector in the parcel’s instantaneous 486 

direction of travel, n be the unit normal in its osculating plane (the plane of adjacent tangents 487 

to its streamline), and b be the unit binormal such that t, n and b are an orthonormal set of 488 

vectors (Scorer 1997, p. 75; Haltiner and Martin, 1957, p. 170).  Let ds, dn, db denote 489 

infinitesimal distances from the parcel in these three directions.  In terms of Z, b = ÑZ/|ÑZ| 490 

and ¶/¶b = (dZ/db) ¶/¶Z.  In natural coordinates, the velocity is 491 

𝐯 = 𝑞𝐭, (7.1) 492 

the parcel streamwise vorticity is w•t, and the generalized abnormality is 493 

𝜆 ≡ ℎ
𝑞2 = 𝛚 ⋅ 𝐭

𝑞 . (7.2) 494 

Furthermore, the gradient operator is 495 

∇= 𝐭 𝜕𝜕𝑠 + 𝐧 𝜕
𝜕𝑛 + 𝐛 𝜕

𝜕𝑏 (7.3) 496 

The vorticity is 497 

𝛚 ≡ ∇ × 𝐯 = (𝐭 𝜕𝜕𝑠 + 𝐧 𝜕
𝜕𝑛 + 𝐛 𝜕

𝜕𝑏) × 𝑞𝐭 498 

= 𝐭 ×
𝜕(𝑞𝐭)
𝜕𝑠 + 𝐧 ×

𝜕(𝑞𝐭)
𝜕𝑛 + 𝐛 ×

𝜕(𝑞𝐭)
𝜕𝑏  499 

= 𝑞(𝐭 × 𝜕𝐭
𝜕𝑠 + 𝐧 × 𝜕𝐭

𝜕𝑛 + 𝐛 × 𝜕𝐭
𝜕𝑏) −

𝜕𝑞
𝜕𝑛 𝐛 +

𝜕𝑞
𝜕𝑏 𝐧. (7.4) 500 

(DJ17).  By one of the Frénet equations, 501 

𝜕𝐭
𝜕𝑠 = 𝜅𝐧 (7.5) 502 

where k is the streamline curvature, which is positive for left-turning motion and negative for 503 

right-turning motion.  By differentiation of the identity t×t =1, we find that  504 
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𝐭× ¶𝐭
¶𝑠 = 𝐭× ¶𝐭

¶𝑛 = 𝐭× ¶𝐭
¶𝑏 =  0. (7.6) 505 

Via these identities, some vector identities, and (7.5), 506 

𝐭 × 𝜕𝐭
𝜕𝑠 = 𝐭 × 𝜅𝐧 = 𝜅𝐛, 507 

𝐧 × 𝜕𝐭
𝜕𝑛 = (𝐛 × 𝐭) ×

𝜕𝐭
𝜕𝑛 = (𝜕𝐭𝜕𝑛 ⋅ 𝐛)𝐭 − (𝜕𝐭𝜕𝑛 ⋅ 𝐭)𝐛 = (𝜕𝐭𝜕𝑛 ⋅ 𝐛)𝐭, 508 

𝐛 × 𝜕𝐭
𝜕𝑏 = (𝐭 × 𝐧) × 𝜕𝐭

𝜕𝑏 = (𝜕𝐭𝜕𝑏 ⋅ 𝐭)𝐧 − (𝜕𝐭𝜕𝑏 ⋅ 𝐧)𝐭 = −(𝜕𝐭𝜕𝑏 ⋅ 𝐧)𝐭. (7.7) 509 

Introducing (7.7) into (7.4) yields 510 

𝛚 = 𝑞(𝜕𝐭𝜕𝑛 ⋅ 𝐛 −
𝜕𝐭
𝜕𝑏 ⋅ 𝐧)𝐭 +

𝜕𝑞
𝜕𝑏 𝐧 + (𝜅𝑞 −

𝜕𝑞
𝜕𝑛) 𝐛 (7.8) 511 

(DJ17).  The binormal vorticity 512 

𝛚 ⋅ 𝐛 = 𝜅𝑞 −
𝜕𝑞
𝜕𝑛 . (7.9) 513 

It consists of ‘curvature vorticity’ kq and ‘shear vorticity’ -¶q/¶n.  By the stipulation of zero 514 

PV, the binormal vorticity is zero.  Thus, 515 

𝜕𝑞 𝜕𝑛⁄ = 𝜅𝑞. (7.10) 516 

The equation of motion for this flow is 517 

∇𝐵 + 𝛚 × 𝐯 = 𝜋𝑐𝑝∇𝜃. (7.11) 518 

from (2.11) and (2.8).  By introducing (7.1), (7.3) and (7.5) into (7.11), we obtain the 519 

equations of motion in the tangential, normal, and binormal directions.  These are 520 

𝜕𝐵
𝜕𝑠 = 0, 521 

𝜕𝐵
𝜕𝑛 = 𝜅𝑞2 + 𝜕𝜎

𝜕𝑛 = 0, 522 

0 = −𝜕𝜎
𝜕𝑏 + 𝜋𝑐𝑝

𝜕𝜃
𝜕𝑏 . (7.12) 523 

They state that in steady flow (i) in each Z-surface, the Bernoulli function, B, is constant, (ii) 524 

the normal pressure-gradient force balances the centrifugal force, (iii) there is a force balance 525 

in the binormal direction that could explain why a long-lived tower of a supercell sometimes 526 

has a surprisingly laminar and striated appearance (e.g., Davies-Jones et al. 1976; Markowski 527 

and Richardson 2010, p. 217).  [The look of the cloud face suggests helical motion along axes 528 
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parallel to the striations.].  The total energy, B, of a parcel, the sum of its specific kinetic 529 

energy, q2/2, its specific enthalpy, cpT, and its specific potential energy, gz, is conserved, 530 

Thus, a parcel in steady isentropic motion without drag can acquire large kinetic energy (KE) 531 

only through a compensating decrease in its static energy (Davies-Jones 2015a). 532 

We can now show that the helicity equation (3.2) for this case is Scorer’s equation.  Via 533 

(7.3), (7.8) and (7.10), the first term on the right of (3.2) becomes 534 

𝐰 ⋅ ∇(
𝑞2

2 − 𝝈) = (𝐰 ⋅ 𝐭 𝜕𝜕𝑠 + 𝐰 ⋅ 𝐧 𝜕
𝜕𝑛) (

𝑞2

2 − 𝝈) 535 

= 𝐰 ⋅ 𝐭 𝜕𝜕𝑠 (
𝑞2

2 − 𝝈) + 𝐰 ⋅ 𝐧(𝜅𝑞2 −
𝜕𝝈
𝜕𝑛). (7.13) 536 

Inserting (7.13) into (3.2) produces 537 

𝐷ℎ
𝐷𝑡 = 𝜕

𝜕𝑠 (
𝑞2

2 − 𝜎)𝐰 ⋅ 𝐭 + (𝜅𝑞2 −
𝜕𝜎
𝜕𝑛)𝐰 ⋅ 𝐧 + 𝛼

𝛼0
𝐯 ⋅ ∇𝜋 × 𝑐𝑝𝛻𝜃. (7.14) 538 

The first term on the right of (7.14) represents the parcel’s rate of change of helicity due to 539 

increase of kinetic energy minus static energy along a streamline times streamwise vorticity. 540 

The second term describes the helicity rate of change due to the turning streamwise of normal 541 

vorticity in curved flow (the river-bend effect).  The pressure is lower on the inside of the 542 

bend so -¶s/¶n has the same sign as kq2.  In a left-hand bend positive transverse vorticity is 543 

turned streamwise.  The third term is the scalar product of wind with the baroclinic w. 544 

From (2.8) and the constancy of B on a Z-surface, 545 

𝑞2

2 − 𝜎 = 𝑞2 − 𝐵(𝑍). (7.15) 546 

Hence, 547 

𝜕
𝜕𝑠 (

𝑞2

2 − 𝜎) =
𝜕𝑞2

𝜕𝑠 , 𝜕𝜕𝑛 (
𝑞2

2 − 𝜎) = 2𝜅𝑞2 (7.16) 548 

by (7.10).  After inserting (7.16) and (7.2) into (7.14), we get 549 

𝐷ℎ
𝐷𝑡 = 𝑞 𝜕

𝜕𝑠 (𝜆𝑞2) = 𝜆𝑞
𝜕𝑞2

𝜕𝑠 + 2𝜅𝑞2𝐰 ⋅ 𝐧 + 𝛼
𝛼0

𝐯 ⋅ ∇𝜋 × 𝑐𝑝∇𝜃. (7.17) 550 

After dividing by q2 and simplifying, we obtain 551 

𝑞 𝜕𝜆𝜕𝑠 = 2𝜅𝐰 ⋅ 𝐧 + 𝛼
𝛼0

𝐯
𝑞2 ⋅ ∇𝜋 × 𝑐𝑝∇𝜃. (7.18) 552 
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This equation for l is the same as Scorer’s (1997, p. 78) ‘streamwise-vorticity equation’ 553 

[since l = ws/q, R´(g - f) in Scorer’s notation is cpÑp´Ñq in ours and a/a0 = 1 in Scorer’s 554 

Boussinesq flow].  Scorer discusses the physical interpretation of this equation in detail.  For 555 

a steady BF, (7.18) correctly predicts that l = const.  In steady isentropic flow, l changes 556 

along a streamline due to the river-bend effect acting on barotropic and baroclinic transverse 557 

vorticity and due to direct baroclinic generation of l. 558 

The integral of (7.18) is 559 

𝜆 = −
𝑑𝛽0
𝑑𝑍 + ∫ 2𝜅𝐰 ⋅ 𝐧

𝑞 𝑑𝑠′ + ∫
𝛼𝐭 ⋅ ∇𝜋 × 𝑐𝑝∇𝜃

𝛼0𝑞2
𝑑𝑠′

𝑠

−∞

𝑠

−∞

(7.19) 560 

where the integrands are evaluated at s¢.  The first term on the right of (7.19) is the initial 561 

abnormality.  In a BF, it is the only nonzero term.  The second and third terms are path 562 

dependent.  They are the abnormalities associated with curved flow and with baroclinic 563 

generation of vorticity.  The overall increase in l depends on the parcel’s dwell time in 564 

curved flow and in temperature gradients within its Z-surface.  565 

The expression for parcel helicity is 566 

ℎ(𝑠) = 𝑞2(𝑠)[(−
𝑑𝛽0
𝑑𝑍 ) + ∫ 2𝜅𝐰 ⋅ 𝐧

𝑞 𝑑𝑠′ + ∫
𝛼𝐭 ⋅ ∇𝜋 × 𝑐𝑝∇𝜃

𝛼0𝑞2
𝑑𝑠′

𝑠

−∞

𝑠

−∞

] . (7.20) 567 

For scale analysis of (7.20) applied to a parcel in a tornado, we assume q0 ~ 10 m s-1, db0/dZ 568 

~ 10-3 rad m-1, dq0/dZ ~ 10-2 s-1, q ~ 100 m s-1 and tornado vorticity and helicity magnitudes 569 

of 1 s-1 and 100 m s-2.  The environmental parcel helicity, -q02db0/dZ, is about 0.1 m s-2.  570 

The first term on the right of (7.20) is equal to the environmental parcel helicity times an 571 

amplification factor q2/q02 of roughly 100, which accounts for speed increase and for 572 

streamwise vortex stretching.  It is only around 10 m s-2, which is an order of magnitude 573 

smaller than the parcel helicity in a strong tornado.  Since the results of Davies-Jones (2025b) 574 

indicate that the frictional terms in the helicity fail to explain the tornado’s tremendous 575 

helicity, the last two terms in (7.20) must account for almost all of the tornado helicity. 576 

There is one loose end that needs to be tidied up.  Since the flow is steady, the initial time 577 

t0 for computing the integrals that define the quantities F and P is infinitely long ago.  This 578 

is problematic because the integrands are nonzero in the upstream environment.  We 579 
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circumvent this dilemma as follows.  After substituting for q2/2 - s from (7.15), (5.7) 580 

becomes 581 

Φ(𝜏) = ∫ [𝑞2(𝜏′) − 𝐵(𝑍)]𝑑𝜏′
𝜏

𝜏′=𝜏0

. (7.21) 582 

For steady motion, let us redefine F and P as 583 

Φ(𝜏) = ∫ [𝑞2(𝜏′) − 𝑞02(𝑍)]𝑑𝜏′
𝜏

𝜏′=𝜏0

, (7.22) 584 

and 585 

Π(𝜏) = ∫ [𝜋(𝜏′) − 𝜋0(𝑍)]𝑑𝜏′
𝜏

𝜏′=𝜏0

. (7.23) 586 

Since the integrands in (7.22) and (7.23) are zero far upstream, F and P now become 587 

independent of t0 as t0 ® -¥.  Because we have added functions of the form F(Z, t) to F and 588 

P, the velocity formula (6.6) is now wrong.  However, the vorticity formula (6.9) and the 589 

helicity formula (6.10) are still correct because they involve F and P only in the forms 590 

¶F/ds0, ¶F/dn0, ¶P/ds0 and ¶P/dn0 and these quantities are unaffected by the changes. 591 

 592 

9. Concluding remarks 593 

Previous attempts to explain tornadogenesis have been based on analyzing the tornado’s 594 

large vorticity or circulation.  The role of irrotational flow is invisible in this vorticity 595 

perspective.  The present study investigates tornado formation from a helicity perspective, 596 

which fully incorporates the irrotational part of the wind.  Neither perspective deals with the 597 

tricky problem of how parcel trajectories are altered by developing rotation and vice versa. 598 

In the special case of dry frictionless isentropic motion, the covariant wind components 599 

are obtained herein.  These are key to obtaining formulas for the parcel helicity h, which is 600 

the scalar product of w (dilatation times vorticity) and storm-relative velocity, q, and a new 601 

quantity l, the generalized abnormality, which is h/q2.  Important Lagrangian integrals 602 

(following a parcel) that appear in these formulas are P, a parcel’s accumulated 603 

nondimensional pressure and F, the integral of a parcel’s kinetic energy minus its enthalpy 604 

and its potential energy.  For steady flow, the differential equation governing l is Scorer’s 605 
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(1997) streamwise-vorticity equation.  In this special case, the formula for l is the integral of 606 

Scorer’s equation. 607 

In a Beltrami flow, the abnormality is constant.  Stretching of streamwise vorticity along 608 

the streamlines and wind intensification increases parcel helicity by the ratio of the parcel’s 609 

current kinetic energy to its environmental kinetic energy.  This amplification of 610 

environmental parcel helicity is sufficient to explain rotation of a supercell’s updraft. 611 

However, for a parcel entering a strong tornado, l has increased tenfold over its 612 

environmental value so its helicity is far greater than can be explained by Beltrami flow.  613 

Thus, we must consider mechanisms that generate l.  Section 7 finds that, in steady 614 

isentropic flow, l increases along a streamline due to the river-bend effect acting on positive 615 

barotropic and baroclinic transverse vorticity and due to direct baroclinic generation of l. 616 

The storm-relative parcel velocity, v, plays a fundamental role in the theory presented 617 

herein.  In dry isentropic inviscid flow, v decomposes according to (3.11) and (3.5) into 618 

potential, barotropic, and baroclinic parts (denoted by subscripts F, BT, and BC, 619 

respectively).  The velocity parts are vF = ÑF, vBT = v0•(ÑX) where v0 and X are the parcel’s 620 

initial velocity and position vector, and vBC = PcpÑq, where q is its potential temperature.  621 

The barotropic and baroclinic vorticities are the curls of vBT and vBC.  Parcel helicity 622 

decomposes into six scalar products [see (3.21)] since there are three partial velocities and 623 

two partial w-vectors.  The product wBT•vBT is simply the initial helicity.  The velocity 624 

induced by baroclinic vorticity is perpendicular to baroclinic vorticity, hence wBC•vBC=0.  625 

This is expected since wind and vorticity are mutually perpendicular in a simple model of a 626 

density current.  In an idealized model of a supercell in a horizontally uniform environment, 627 

the flow conserves zero potential vorticity (w•Ñq = 0).  Then wBT•vBC=0 and the gain in 628 

parcel helicity is given by h-h0=wBT•ÑF+wBC•v.   629 

In the simplest case when the flow is frictionless and homentropic (constant q), the 630 

current helicity of a parcel exceeds its initial helicity by the scalar product of its current 631 

(barotropic) vorticity with ÑF.  This term is sufficient to explain the helicity of barotropic 632 

vortices.  Since ¶F/¶t gets very large in and near a tornado, the main wBT•ÑF contribution to 633 

helicity may occur in close proximity to the tornado and may be poorly sampled by 634 

diagnostic investigations of simulated supercells. 635 



File generated with AMS Word template 2.0 26 

When the flow is frictionless and isentropic and the environment is horizontally uniform, 636 

we can superimpose the potential of the environmental wind on F.  Then h =w•Ñf where f is 637 

the combined potential.  Thus, only the irrotational wind vf  ºÑf contributes to parcel 638 

helicity. 639 

The vorticities of parcels flowing at low heights into a mesocyclone have been found 640 

previously to originate from predominantly baroclinic (i.e., storm-generated) vorticity rather 641 

than from stretching and twisting of environmental vorticity (e.g., Dahl 2015).  Baroclinic 642 

generation of vorticity increases with sharper gradients of cumulative temperature on a 643 

material Z-surface and stronger unstable environmental stratification.  If baroclinic vorticity 644 

is dominant, then by the above formula parcel helicity is equal to the scalar product of 645 

baroclinic w with vf, which can approximate potential flow around a rotating updraft in a 646 

helical environment.   647 

In the MR14 idealized simulation, a parcel’s baroclinic vorticity is generated primarily in 648 

the transverse direction and turned streamwise during left-turning subsidence in a rear-flank 649 

downdraft (RFD) that wraps cyclonically around the mesolow.  Atmospheric observations 650 

indicate that the deepest descents to near ground occur from 1-2 km AGL in this region 651 

(Bartos et al., 2022).  Subsidence packs the Z-surfaces closer together.  Combination of this 652 

effect and streamline confluence increases near-ground wind speed according to mass 653 

conservation.  As a parcel exits the RFD along the ground and spirals into a tornado, its 654 

helicity increases greatly due to acceleration and to streamwise stretching of its streamwise 655 

vorticity. 656 

In steady inviscid isentropic flow, the Bernoulli function (sum of specific KE and static 657 

energy) is constant on each isentropic surface, so amplification of a parcel’s specific KE is 658 

accompanied by a decline in its static energy.  Imagine a parcel that descends from 500 m 659 

AGL to ground into a tornado.  If the process is isothermal as well as isentropic, it loses 660 

5x103 m2 s-2 in potential energy but no enthalpy.  If energy is conserved, its kinetic energy 661 

gain is sufficient for winds of 100 m s-1.  In this hypothetical example, the parcel’s pressure 662 

at the ground in the tornado would be the same as the ambient pressure at 500 m AGL.  If the 663 

ambient cloud base were at 500 m, the condensation funnel would reach the ground.  Within 664 

the tornado itself, there can be significant loss of Bernoulli function aloft at a vortex 665 

breakdown due to nonlocal forcing provided principally by divergence of the Lamb vector 666 

[see (2.13)]. 667 
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The friction term in the helicity budget acts to decrease the helicity of near-ground parcels 668 

(Davies-Jones 2025b), so the friction term in the helicity equation cannot account for large 669 

parcel helicities in tornadoes.  Nevertheless, it plays a major role in tornadogenesis by 670 

altering near-ground trajectories.  Frictional interaction of the flow with the ground is needed 671 

for the final intensification of a tornado-scale vortex into a tornado that far exceeds the 672 

thermodynamic speed limit (Fiedler 1994).  Surface friction increases convergence into a 673 

vortex, thereby enabling parcels to come closer to the rotation axis before rising and hence to 674 

spin faster because of partial conservation of angular momentum (Fiedler and Rotunno 1986). 675 
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 681 

APPENDIX A 682 

Potential-vorticity equation  683 

Here we derive an important identity and use it to show that the potential vorticity w•ÑQ 684 

of a parcel in frictionless motion is conserved for any constant of the motion Q that is a 685 

function of only two state variables, e.g., q and p.  The derivation follows Dutton’s (1976, p. 686 

382).  Let j and Q be any continuous scalar fields.  Then  687 

∇𝐷Θ
𝐷𝑡 = ∇(

𝜕Θ
𝜕𝑡 + 𝑢 𝜕Θ𝜕𝑥 + 𝑣 𝜕Θ𝜕𝑦 + 𝑤𝜕Θ

𝜕𝑧) ≡
𝐷∇Θ
𝐷𝑡 + 𝜕Θ

𝜕𝑥 ∇𝑢 + 𝜕Θ
𝜕𝑦 ∇𝑣 + 𝜕Θ

𝜕𝑧 ∇𝑤. (A1) 688 

By taking the dot product of (A1) with jw and rearranging terms, we obtain 689 

𝜑𝐰 ⋅
𝐷∇Θ
𝐷𝑡

≡ 𝜑𝐰 ⋅ -∇
𝐷Θ
𝐷𝑡

−
𝜕Θ
𝜕𝑥

∇𝑢 −
𝜕Θ
𝜕𝑦

∇𝑣 −
𝜕Θ
𝜕𝑧

∇𝑤. 690 

= 𝜑𝐰 ⋅ ∇(
𝐷Θ
𝐷𝑡 ) − 𝜑∇Θ ⋅ (𝐰 ⋅ ∇)𝐯. (A2) 691 

The dot product of the vorticity equation (2.12) with jÑQ gives 692 

𝜑∇Θ ⋅ 𝐷𝐰𝐷𝑡 ≡ 𝜑∇Θ ⋅ (𝐰 ⋅ ∇)𝐯 + 𝜑∇Θ ⋅ 𝛼𝛼0
(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆). (A3) 693 
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Adding (A2) and (A3) produces 694 

𝜑 𝐷
𝐷𝑡 (𝐰 ⋅ ∇Θ) ≡ 𝜑𝐰 ⋅ ∇𝐷Θ

𝐷𝑡 + 𝜑∇Θ ⋅ 𝛼𝛼0
(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆). (A4) 695 

Adding w•ÑQDj/Dt to both sides provides the identity 696 

𝐷
𝐷𝑡 (𝐰 ∙ 𝜑∇Θ) ≡ 𝜑𝐰 ⋅ ∇𝐷Θ

𝐷𝑡 + 𝐷𝜑
𝐷𝑡 𝐰 ∙ ∇Θ + 𝜑∇Θ ∙ 𝛼𝛼0

(∇𝜋 × 𝑐𝑝∇𝜃 + ∇ × 𝐆). (A5) 697 

When, Q = q(p, q), Dq/Dt º 0 and G º 0, (A4) with j = 1 implies that w•Ñq is conserved 698 

and remains zero if it is zero initially. 699 

 700 

APPENDIX B 701 

Parcel helicity in an unsteady Rankine combined vortex 702 

The unsteady Rankine combined vortex (Davies-Jones and Wood 2006) is an exact 703 

axisymmetric solution of the Euler equations of motion and the incompressible continuity 704 

equation.  We use this solution to illustrate how parcel helicity amplifies in a contracting 705 

vortex that is embedded in a convergent flow field.  In axisymmetric coordinates (r, j, z) 706 

with wind v º (u, v, w), the exact solution is 707 

𝑢(𝑟) = 𝐷𝑟 𝐷𝑡⁄ = −𝑎𝑟, (B1) 708 

𝑤(𝑧) = 𝐷𝑧 𝐷𝑡⁄ = 2𝑎𝑧, (B2) 709 

𝑣(𝑟, 𝑡) = @𝑀! 𝑟 𝑟"#(𝑡), 𝑟 ≤ 	 𝑟"(𝑡)⁄
𝑀! 𝑟,⁄ 𝑟 > 	 𝑟"(𝑡)

, (B3) 710 

𝜎(𝑟, 𝑧, 𝑡) = 𝜎(0,0, 𝑡) −
𝑢#

2
−
𝑤#

2
+I

𝑣#(𝑟$, 𝑡)
𝑟$

𝑑𝑟′
%

!
(B4) 711 

where 2a is the constant convergence, M0 is the constant angular momentum outside the 712 

vortex core, 713 

𝑟"(𝑡) = 𝑟"(0)exp(−𝑎𝑡). (B5) 714 

and s is the static energy.  Since there is no diffusion, the core radius, rc(t), advects inwards 715 

with the flow and parcels do not cross the core wall r = rc(t).  By introducing (B3) into (B4) 716 

and performing the integration, we get 717 
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𝜎(𝑟, 𝑧, 𝑡) = 𝜎(0,0, 𝑡) −
𝑢#

2 −
𝑤#

2 + R
𝑀!
# 𝑟# 2𝑟"&(𝑡), 𝑟 ≤ 	 𝑟"(𝑡),⁄
𝑀!
#

𝑟"#(𝑡)
−
𝑀!
#

2𝑟# , 𝑟 > 	 𝑟"
(𝑡).

(B6) 718 

The vorticity 719 

𝛚 = 𝜁𝐤 (B7) 720 

where 721 

𝜁 = @2𝑀! 𝑟"#(𝑡), 𝑟 < 𝑟"(𝑡)⁄
0, 𝑟 > 𝑟"(𝑡)

(B8) 722 

by z = (1/r)¶(vr)/¶r and (B3). 723 

From (B1) and (B2), trajectories in the (r, z) plane are given by 724 

𝑟(𝜏) = 𝑟!exp(−𝑎𝜏), (B9) 725 

𝑧(𝜏) = 𝑧!exp(2𝑎𝜏). (B10) 726 

where r0 º r(0), z0 º z(0), t  º t are Lagrangian coordinates.  By (B2) and (B10), the radial 727 

and vertical velocities of a parcel are 728 

𝑢(𝜏) = −𝑎𝑟!exp(−𝑎𝜏), (B11) 729 

𝑤(𝜏) = 2𝑎𝑧!exp(2𝑎𝜏). (B12) 730 

Since parcels in the potential flow outside the core have no vorticity and hence no helicity, 731 

we will just consider parcels inside the vortex core.  For core parcels, the azimuthal velocity 732 

𝑣(𝜏) =
𝑀!𝑟!
𝑟"#(0)

exp(𝑎𝜏), (B13) 733 

from (B3) and (B5), the vorticity 734 

𝛚(𝜏) = 𝜁(0)exp(2𝑎𝜏)𝐤 (B14) 735 

from (B7), (B8) and (B5), and the helicity 736 

ℎ(𝜏) = 	𝐯(𝜏) ∙ 𝛚(𝜏) = 2𝑎𝑧!𝜁(0)exp(4𝑎𝜏) (B15) 737 

from (B12) and (B14).  Subtracting the parcel’s initial helicity gives 738 

ℎ(𝜏) − ℎ(0) = 2𝑎𝑧!𝜁(0)[exp(4𝑎𝜏) − 1]. (B16) 739 

Let L(t) be a core parcel’s kinetic energy minus its static energy.  From (B3), (B4), (B6), 740 

(B9) and (B10), we obtain 741 
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𝐿(𝜏) = 𝑎#𝑟!#exp(−2𝑎𝜏) + 4𝑎#𝑧!#exp(4𝑎𝜏) + 𝑓(𝜏) (B17) 742 

where f(t) is a function of t alone.  Let F(t) be the Lagrangian integral of L from the initial 743 

time to the current time.  Then 744 

Φ(𝜏) =
𝑎𝑟02

2 [1 − exp(−2𝑎𝜏)] + 𝑎𝑧02[exp(4𝑎𝜏) − 1] +∫ 𝑓(𝜏′)𝑑𝜏′
𝜏

𝜏′=0
. (B18) 745 

Now consider the quantity w•ÑF.  From (B14) and the chain rule, 746 

𝛚 ⋅ ∇Φ = 𝜁(0)exp(2𝑎𝜏)
𝜕Φ
𝜕𝑧

= 𝜁(0)exp(2𝑎𝜏) -
𝜕Φ
𝜕𝑟!

𝜕𝑟!
𝜕𝑧

+
𝜕Φ
𝜕𝑧!

𝜕𝑧!
𝜕𝑧 .

. (B19) 747 

From (B9) and (B10), ¶r0/¶z = 0 and ¶z0/¶z = exp(-2at), and from ¶/¶z0 of (B18), 748 

∂Φ
∂𝑧0

= 2𝑎𝑧![exp(4𝑎𝜏) − 1]. (B20) 749 

Therefore, (B19) becomes 750 

𝛚 ⋅ ∇Φ = 2𝑎𝑧!𝜁(0)[exp(4𝑎𝜏) − 1]. (B21) 751 

Comparison of (B16) and (B21) shows that 752 

ℎ(𝜏)− ℎ(0) = 𝛚 ⋅ ∇Φ. (B22) 753 

Thus, for a contracting Rankine combined vortex, gain in parcel helicity is equal to the scalar 754 

product of vorticity with the gradient of the Lagrangian integral of the kinetic energy of a 755 

parcel minus its static energy.  This same relationship is true for any inviscid, homentropic 756 

(constant q) motion [see (3.26) in Part I]. 757 

We now express the helicity gain in terms of Lagrangian coordinates. From (B14) 758 

evaluated initially and (B20) and (B22), we find that 759 

ℎ(𝜏) − ℎ(0) = 𝜁(0)
𝜕Φ
𝜕𝑧!

(B23) 760 

where	z(0) is the only nonzero contravariant component of barotropic vorticity and ¶F/¶z0 is 761 

the corresponding covariant component of ÑF.   762 
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